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Solutions for Chapter 19

Section 19.1

Find the inverse of the matrix of the coefficients, and use it to solve the equations:

1. 2x-3y=8
dx+ y=2

2 -3 X 8
Let Ax=Db where A= , X= , b=
4 1 y 2

(1 3 1 3
Then detA=14, A= 5 oat-t (Exercise 47 of Chapter 18)
4 2 44 2

Therefore, by equation (19.4),

SR W b B R

2. X+ y+ =6 1 1 1 X 6
X+2y+3z=14 — A=(1 2 3|, x=|y|, b=|14
X+4y+9z =236 1 4 9 z 36
6 -5 1 1 6 -5 1
Then detA=2, A=|-6 8 -2| — A—1=E 6 8 -2
2 -3 1 2 -3 1
X L 6 -5 1\ 6 L 2 1
and x=Ah - |y =3 6 8 -2114 =2 4|=|2
z 2 -3 1)1 36 6 3
3. wW+X +2=2 1 1 0 1 w 2
=6 0 1 1 1 6
Xrywe - A= , X= m,b:
W +y+z=3 10 1 1 Yy 3
W+ X+Y =4 1 1 1 0 z 4
1 -2 1 1 -2 1
~ 1 1 -2 1 1 -2
Then detA=-3, A= N A—lz_l
-2 1 1 1 3| -2 1 1 1
1 1 1 -2 1 1 1 -2
w 1 -2 1 2 -1
1 1 -2 6 2
and x=Al - |T]-_1 -
Yy 3| -2 1 1 1)/3
z 1 1 1 -2)\4
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Solutions for Chapter 19

Section 19.2

Find the eigenvalues and eigenvectors of the following matrices:

2 2
4. A=
HH

The secular equations are

@2-)x + 2y =0
X + (3-A4)y =0

The characteristic equation of A is

2

2-1
det(A—21)=0 —
1 3-2

‘:(2-1)(3-1)-2:12—5,“4
= (A-1)(A-4)=0 when 1=1,1=4

The eigenvalues of A are therefore 4, =1, 4, =4 . The corresponding eigenvectors are obtained

by solving the secular equations for each value of A . Thus, using the first of the equations,

-2
A=A =1 Q-)x+2y=x+2y=0 > x=-2y — xlzy( J

1
A=A =4: 2-A4)x+2y=-2x+2y=0 —> Xx=y — xzzy(j

1
2 0
5. A=
o )

The characteristic equation of A is

‘2—,1

=—(2-2)(3+1)=0 when 1=2,1=-3
0 -3-41

The secular equations are

(2-2)x=0
(-3-2)y=0

1
Then A=4=2: y=0 —> xlzx[oj

0
A=4=-3:x=0 — xzzy(lj
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Solutions for Chapter 19

« (1)

The secular equations are

B-A)x + y =0
—X + (B-A)y =0

The characteristic equation is

3-4 1
=(3-4)?+1=42-61+10
-1 3-1
=0 when J:W:Sii
L . 1
Then A=4=3-i: ix+y=0 —» y=-ix — xlzx{ ]
—i

1
A=A, =3+i: —-ix+y=0 > y=ix - xzzx(j

i
3 1
7.
1 3
The secular equations are

B-A)x + y =0
X + (B-4)y =0

The characteristic equation is

‘3—1 1

— —_ 2_ — —_ —
n 3_/1‘—(3 A -1=(1-2)(1—-4)

=0when 1=2,1=4

1
Then A=4=2: X+y=0 - y=—Xx — xlzx[ J

1
A=A =4: -x+y=0 - y=x - XZZX(J
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Solutions for Chapter 19
1 20

8. |2 10
0 2 1

The secular equations are
@O @-A)x +
(2) 2x + (1-A)y
@) 2y
The characteristic equation of is
-2 2 0
2 1-2
0 2

2y

1-2

=0
=0

+ (1-A)z =0

0 |- (1—4)[(1—,1)2 —4] — (L= D)(A+D)(1-3)

=0 when A4 =-1,+1,+3

Then A=4=-1:

A=1=+1:

A=ly=+3:

©
o w o
w O w

0
3
0

The secular equations are
@
)
®)

The characteristic equation is

—-AX + 3y =0
3X + -Ay + 3z =0

3y + -1z =0

-2 3 0

(1) 2x+2y=0 > y=-x
(3) 2y+2z=0 > z=-y=

@ 2y=0 > y=0 . — 7
—> =
(2) 2x=0 — x=0 2

@ -2x+2y=0 —> y=x . = x
—> =
(3) 2y-2z=0 — z=y=X 3

- X=X
X} !

3 -1 3 |=-4(4?-18)=0when 1=0,+3/2

-

A=i=0: (1) 3y=0

(2) 3x+3z=0 —

A=ly=+3J2: () —3J2x+3y=0
(3) 3y-342z=0

3J/2x+3y =0
3y+322=0

A=y =-3J2: (1)
©))
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- y=0

1

} - X=X/ 0
-1

1

Z=—-X

- y=+2x
- z=y/J2=x

- y=—/2x

1
1
- Xy =X /2
—>z=—y/«/§=x} ’ 1



Solutions for Chapter 19

10.

11.

S

The secular equations are

B-A)x + 4y =0
-4x  + (-5-A)y =0

The characteristic equation is

3-1 4
4 5-1

‘:/12 +22+1=(1+1)? =0 when A =-1 (double)

1
Then A=-1: B-A)x+4y=4x+4y=0 > y=-X > x=x( J

and the matrix has only one eigenvector corresponding to the doubly-degenerate eigenvalue.

4 0 2
6 1 -4
-6 0 -3

The secular equations are

@ (@d-A)x + 2z =0
(2 -6x + (1-A)y - 47 =0
(3) —6X + (-3-1)z =0

The characteristic equation is
4-1 0 2
-6 1-1 -4 |=A(1-21)>=0 when 1=0, 2 =1 (double)
—6 0 -3-1

1

Then A=4 =0: @O 4x+2z=0 > z=-2x
- X =X/ -2
(2) —-6x+y—-4z > y=6x+4z=-2X )

but A=1: 3x+2z2=0 — z=-3x/2
from all three equations, so that y is not determined for the degenerate eigenvalue. If y =ax then

1
X, =x| a |, alla(andXx).
-3/2
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Solutions for Chapter 19

Section 19.3

Normalize the eigenvectors obtained in

12. Exercise 5

1

1 1
Xl:x[o]: X' X, =x2(1 0)[Oj:xzzlwhenx=1 - Xl:(o]

o) e o)

13. Exercise 7

X = X[_lji Xy ¥y = X2 (1 —1)(_3 =2¢ =1whenx=1¥2 > x :%(—ﬂ

0
y?=1lwheny=1 — x, :[J

1
N N, 1 (1
Xy =X| |1 Xy X, =x7(1 1)] |=2x"=1whenx=1/v2 — X,=—F4%
(1 e ] W > x=p)
14. Exercise 8
1 1 1 1
X =x| -1[: x"x =x*(1 -1 1)|-1|=3x%=1whenx=1/\3 — xl:T -1
1 1 3 1
0 0 0
X, =201 X,'x,=2°(0 0 1)|0|=2z*=1whenz=1 - X,=|0
1 1 1
1 1 1
Xg=X|1[: Xg'x3=x*(1 1 1)|1|=3x*=1whenx=1/3 - X3:T 1
1 3

1 1 1
x.=x| 0 xTx=x1 0 -1) 0|=2x=1whenx=1/v2 > x=—| 0
V2
1

-1 -1 -1

1 1

X, = x| /2 |: szxzzxz(l V2 1) V2 |=4x* =1whenx=12 - XZ:% V2

1 1 1

1 1 1
Xz = x| —/2 ZXSTX3=X2(1 2 1) 2 |=4x* =1whenx=12 - XsZ% 2
1 1 1
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Solutions for Chapter 19

Show that the sets of eigenvectors of the symmetric matrices are orthogonal in

16. Exercise 5 (and 12)

Xl:(;j’ x2=@ = XX =(1 o)(?]:mo:o

17. Exercise 7 (and 13)

1(1 1(1 1 n_1
Xl:ﬁ(—lj’ x2=_2[1j > =gl _1)(1j=5(1_1)=0

18. Exercise 9 (and 15)

1 1 1
1 1 1
Xl_ﬁ O,XZ_E\/E, X3=E —\/E
-1 1 1
1
T 1 1
S oX X, =——(1 0 -1)|V2 |=——@+0-1=0
1
S XX = (10 ~1)| V2 [=—t_(1+0-1)=0
242 ) 242
1
N XZTXB:%(l V2 1) 2 =%(1—2+1)=0
1

19. Given the three vectors

1 3 3
X1:1,X2: 1,X3:2 y
1 2 1

use Schmidt orthogonalization to (i) find new vectors x,” and x, that are orthogonal to x ,

(i) find the new vector x," that is orthogonal to both x; and x,’.

(i) Wehave x'x=(1 1 1)

T T
X1 X _ 5 X X3

=2

X X, =(1 1 1) 2,

X1T Xy XlT Xq

X' Xg=(1 1 1)

PN W N R WP R
Il
o
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Solutions for Chapter 19

T 3 1 1
Therefore x’2=x2—X1TX2 x;=1[-2|1|=|-1
a2 (1) Lo
. 3) (1) (1
and xézxg—);lT);3x1= 2|-2|1|=| o
1A 1 1 -1
are orthogonal to x; .
1
(i) Wehave (x5)' x,=(1 -1 0) -1|=2
0 X5) X
N ( 2)T 3_1
1 () % 2
(%) x4=(1 -1 0) 0|=1
-1
1 1 2
ALY v
Therefore  x3'=x3——=—=x3--X;=| 0|-=|-1|=|1/2
2 %2 27 1) 3 o) 1

: !
is orthogonal to x; and x5 .

20. The Hiickel Hamiltonian matrix of butadiene is

a f 0 0
H:ﬁ a pf 0
0 g o p
0 0 B8 «a

Find (i) the eigenvalues (in terms of & and f), (ii) the orthonormal eigenvectors. You may find the

following relations useful: ¢ = (J§+1)/2 (the “golden section’, see Section 7.2), ¢2 = (\/§+3)/2,

9-1=(5-1)/2=1p, $#*-1=¢, ¢*—¢=1.

(i) The characteristic determinant

a-E B 0 0
P a-E (B _232(, _E)2 . Bt
0 5 a-E =(ax-E)" -3p°(a-E)"+p
0 0 p a—E

is a quadratic in (o —E)? and is zero when E is an eigenvalue of the matrix H. Then

2 / 4 4
(0-E)* ~3(a~E)* % + * =0 when (a—E)2 =L~ gzﬂ = 2{32@]/52

- Ezai(
2 2

3”§j]/2ﬂ =ai[li\/§}3
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Solutions for Chapter 19

The eigenvalues are then, in order of increasing value (given that 5 <0),

E1:a+[1+fJﬂ:a+¢,3

= as[ 28 | paip-ns

P # p=a-(9-1p

E,=a- 1+2£ B=a—-¢p

(if) The secular equations are

@ (@-BE)g + pBo =0
@ o o+ (@B, +  fc =0
©) pe,  + (@-E)eg +  pe, =0
(4) pes + (a-E)e, =0

For E=E =a+¢f — a;E =—¢, and dividing the equations by g,

@©) -dc+c, =0 - c,=¢4c
(2 c-gcy+c3=0 — 03:_01+¢02:(¢2—1)°1:¢Cl
(B) c3-¢c,=0 — ¢, =C3/¢=0

The eigenvector corresponding to eigenvalue E, = a + ¢ is therefore

1
X =6 Z
1

For normalization, x,"x, = ¢,>(1+¢? + ¢% +1) =1 when ¢, :1/\/2(1+¢2) =1/\2(¢+2).

Therefore, putting C = 1/1/2(¢ +2) , the normalized eigenvector is
1
¢
1

Similarly for the other eigenvalues,

¢ ¢ 1

_c| ! _c| ¢ _c|™?
Xy = 1l X3 = 1l Xy = s
—¢ ¢ -1
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Solutions for Chapter 19 11

21. The Hickel Hamiltonian matrix of cyclopropene is

a p B
H=\p a §
B B

(i) Show that the eigenvalues are E; =a+24, E, =E; =a— . (ii) Find the normalized
eigenvector belonging to eigenvalue E; . (iii) Show that an eigenvector belonging to the doubly-

degenerate eigenvalue o — £ has components x;, X,, X; that satisfy x, +x, +x; =0. (iv) Find two
orthonormal eigenvectors corresponding to eigenvalue « — £ (you may find the results of

Examples 19.4(ii) and 19.8 useful).

(i) The characteristic equation is

a-E B B
B a-E B |=(a-E)P-3B%(a-E)+28°

p g a—-E

=0 when E is an eigenvalue of H.

The characteristic equation is a cubic in E. If the eigenvalues (the roots of the cubic) are

E,=a+2f4, E, =E; =a-f, the equation can be written as

(B -E)E,-E)(E3-E)=0
Therefore

(@ +2B-E)a-B-E) =(a—E)>*-3B8*(a—E)+28° =0
as required.

(if) The secular equations are

D (e-E)x + PXy + LXs =0
(2 B + (¢—-E)x, + L% =0
(3) BX + PXo + (¢—E)xg =0

For E=E,=a+2p

D -28% + pBX + pX =0
@ pu - 2Bx + Pxg =0
©)) Bx. + PBx, - 2% =0

Subtract equation (1) from (2) and (1) from (3):

(2)-@ 3% -30% =0 = X, =X . 1
- X =—F|1
-0 3% -30% =0 - X=X J3 1

© E Steiner 2008




Solutions for Chapter 19 12

(iii) For E=a— g all three secular equations reduce to

Bx+ BXy + X% =0

Therefore, as for the degenerate eigenvalue in Example 19.4(ii), every independent pair of

vectors that satisfies the condition x; + x, + X3 = 0 is a solution for the degenerate eigenvalue.

Following the procedure described in Examples 19.4(ii), 19.6 and 19.8, a pair of orthonormal

eigenvectors belonging to eigenvalue E=a—f is

1 ! 1 !
X, =—=| 1|, X;=—|-1
2 \/6_2 3 \/E 0

22. (i) Show that a square matrix A and its transpose AT have the same set of eigenvalues. (ii) Show
that the following two equations are equivalent:
Aly=2y, y'A=2y"
The eigenvectors of AT are in general different from those of A (unless A is a symmetric). The
vector y is sometimes called a left-eigenvector of A, and an ‘ordinary’ eigenvector x of A is then

called a right-eigenvector.

(iii) Find the eigenvalues and corresponding normalized right- and left-eigenvectors of

it

(i) By equation (18.19), the secular determinants of A and its transpose AT are the same. The

eigenvalues of Aand AT are therefore the same.
(if) By equation (18.41)
Aly =y —P%2, (ATy)T = (ay)" > y'A=2y
(iii) The characteristic equation is

3-1
‘ =(B-4)(2-1)=0when 1=2,3

0 2—/1‘

For the right-eigenvectors,

3-4 2 X B-A)x + 2y =0
Ax=Ax — =0 —
0 2-A)\y (2-4)y =0

-2
Then A=4=2: x+2y=0 —> Xx=-2y — xl:i( 1) (normalized)

V5

1
A=4,=3: y=0 — xzz[oj
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Solutions for Chapter 19 13

For the left-eigenvectors,

3-4 2 3-4 =0
yIA=4y" - (x ) =0 — (3=A)x
0 2-1 2%+ (2=4)y =0
0
Then A=4=2: x=0 - ylz[lj

1
A=4=3. 2Xx-y=0 - y=2x - yzzﬁ(zj

Section 19.4

23. For the matrix
1 2 0
A=|2 1 0
0 2 1
of Exercise 8, construct (i) the matrix X of the eigenvectors and (ii) the diagonal matrix D of the

A =4, =+1 eigenvalues. (iii) Show that AX = DX.

By Exercise 8, the eigenvalues and (unnormalized) eigenvectors of matrix A are

1 0 1
A=-1 X% =|-1| LH=1 X,=0]; =3 X;=|1
1 1 1
1 01 -1 0 0
Then (i) X=|-1 0 1 (i) D= 0
1 11 0 0 3
0y 1 0 -1 0
(i) AX= 2 1 0}-1 0 1= 1 O
1)L 1 -1
10 -1 0 0 -1 0
XD={-1 0 1} 0 1 O0|={ 1 0 3
1 0 0 -1

and AX =DX

© E Steiner 2008
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14

0 3 0

24, Repeat Exercise 23 for the matrix | 3 0 3| of Exercise 9.

0 3 0

By Exercise 9, the eigenvalues

1

4 =0, Xx,=| 0},

-1

11

Then (i) X=| 0 2
101
0 3 0
(i) AX=[3 0 3
0 3 0

11
XD=| 0 2

101

and AX =DX

and (unnormalized) eigenvectors of matrix A are

1 1
%:3\/51 X2: \/E ; /13:—3\/51 X3: _\/E
1 1
1 0 0 0
2 (i) D=0 32 0
1 0 0 -32
1 1 1 0 32 -3/2
0 V2 —V2|=[0 6 6
-1 1 1 0 32 -3/2
130 o0 0 0 32 -32
J2llo 32 0 |=|0 & 6
1 Jlo o -32) lo 32 -32

3 1
25. (i) Forthe matrix A = [1 3) of Exercise 7, construct the matrix X of the eigenfunctions of A,

and find its inverse, X*.

(ii) Calculate D = X *AX and

confirm that D is the diagonal matrix of the eigenvalues of A.

By Exercise 7, the eigenvalues and normalized eigenvectors of A are

h=2 x—il' =4 x—il'
N TRy
Then (i) xz%(_i ﬂ 4:%@ _ﬂ (by equation (18.43))
i) wiax LT CL)3 111
21 1)l1 3)l-1 1
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15

Repeat Exercise 25 for:

2 2 .
26. A= of Exercise 4
1 3

By Exercise 4, the eigenvalues and eigenvectors of A are

1( 2). _4 X _1(1y),
a3l
; _ 2/\/g 1/\/E 71_1\/5 5
Then Q) X_[—l/\/g 1/\5} X —3{\/5 2\5)
o siax LVB B2 2 2/\5 Y2
" Ax‘s[ﬁ 2@][1 sJ[—wg sz
_1{\@ —\@]( 2/5 ]/ﬁ]_l(?) 0
“3lV2 2v2)-yY\B yyz) 3lo 12
A
:(0 ﬂJ:D

1 2 0
27. A=|2 1 0| of Exercise 8
0 2 1

)

[

1 0
0 4

By Exercise 8, the eigenvalues and (unnormalized) eigenvectors of A are

1 0
A=-1 x=|-1|;, HL=1 x,=| 0}, =3, X3=
1 1
10 . 1 -1 0
Then (i) X=|-1 0 x-1=E 2 0
1 1
. 1 -1 0)1 2 0y 1 0 1
(ii) x—lezE 2 0 2|2 1 of-1 0 1
1 0)lo 2 1)l 1 11
1 -1 0)-1 0 3 2 0
1 1
==|—2 0 2|1 0 3/==| 0 2
2 2
1 0)l-1 1 3 00
4 0 0
0 0 1

© E Steiner 2008
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0 3 0
28. A=|3 0 3| of Exercise9
0 3 0

By Exercise 9, the eigenvalues and eigenvectors of A are

16

1 1 1
1 4= NN 1
A =0, xl—ﬁw, fo =32, X == f L A =-32, xgz{ ﬂ
BRI WG 0 13
Then (i) X=| 0 1/V2 -142 Xt=|y2 N2 12
-2 Y2 w2 y2 Y2 2
N2 o -1/\2)o 3 o) yv2 y2 g2
iy X'AX=| 12 12 Y2 |3 o 3| o yYJ2 -1\2
Y2 -2 12 Jlo 3 of-1YN2 y2 12
Yv2. 0 -yN2)(o 32 —3/2) (0 O 0
=ly2 V2 2 |lo 3 3 |=|0 32 0
2 -1N2 12 Jlo 342 -3/42) o 0 -3/\2
4 0
{0 4 0]=D
0 0 4
Section 19.5
Express in matrix form:
By equations (19.35) and (19.36)
29. 5x%—2xy—3y? =(x y) [_El) :;J[);j
30. 4xy =(x y)(g (2))();)
By equations (19.37) to (19.39) for n=3,
3 2 1
31. 3% -4xy+2xz-6yz+y*-22°=(x y z)|-2 1 -3
1 -3 -2

© E Steiner 2008




Solutions for Chapter 19 17

Transform the following quadratic forms into canonical form:

32. 7x2 + 643X, +13x2

Wehave — Q=7xZ +64/3%X, +13xX2

_ 7 33)(x T
=(x x2)[3\/§ 13 J[ij_x Ax

(a) For the eigenvalues of matrix A,

7-2 33
33 13-2

4 0
and D=
(0 16]

is the diagonal matrix of the eigenvalues of A

=(1-4)(A-16)=0 when 1 =4,16 — 4, =4, 1, =16

(b) For the eigenvectors, the secular equations are

(7-2)% + 3Bx, =0
33y, + +(13-A)x, =0

Then A=4=4: 3x + 3\/§x2 =0 = x=—/3X% — Xl:é(\/fj (normalized)
A=2,=16: -9% + 3/3x, =0 — X, =3% — X it
-4 2 2 1 275\ 3

(c) The matrix of the eigenvectors is

8 1 3 -1
X= (% Xz)=l V8 with transpose xT=t B3

2{ -1 \/§ 2\ 1 \/5
Then

Q=y'Dy =A4Yi +4Y; = 4y +16y;
where
1
T vi) 1(V3 -1\ yl:E(\/éxl_Xz)
Y, 2 1 \/§ Xy

1
Yo =E(X1+ 3X%;)

© E Steiner 2008
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33. ax?+2bxy+ay?

b
Wehave Q=(x xz)[a j[xlj:xTAx
b a)lx

2
(a) For the eigenvalues of matrix A,

a-A b
b a-A1

a+b 0
and D=
( 0 a—b)

is the diagonal matrix of the eigenvalues of A

‘:(a—/l)z—bz whena-A=th — 4 =a+b 4, =a-b

(b) For the eigenvectors, the secular equations are

(a-4)x + bx, =0
bx, + +@-4)x, =0

1
Then A=A =a+b: -bx + bx, =0 - x=% — xlz%(l]

)

ﬂ«:ﬂ,z:a—b: le + bX2 :0 —> X1:_X2 - X2:

-

(c) The matrix of the eigenvectors is

X =(x xz):i[1 1]:XT

J2\1 -1
Then
Q=y'Dy =AY +4Y; =(a+b)y; +(a-b)y;
where
—i(x +X,)
M
Y, 21 -1)(x _ 1

Y2 ﬁ(xl_xz)

© E Steiner 2008
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34. 3xl2 +2X% Xo + 2% X4 +3x22 + 2%y X3 +3x32 +2X3%y +3x42

310 1)(x%
1 31 0f«x

Wehave  Q=(x X X5 X)) 0131 x2 = xTAx
3
1 01 3){x

As in Example 19.9, with « =3, f =1, the eigenvalues of A are

M=5 LH=k=3 4=l

and a set of eigenfunctions is

1 1 1 1
x—11 x—11 X 1)-1 X 1) -
7ol 2720 ST 2|1y ‘7201
1 -1 1 -1
The matrix of the eigenvectors is
1 1 1 1
111 1-1-1|
X=X X,)=— =X
(0 x2) 211 -1 -1 1
1 -1 1-1
Then
Q=AY; + Y5 +45Ys +A4Ys =5Y; +3Y; +3y; + Vs
where
1
ylzz(X1+X2+X3+X4)
1 1 -1 -1fx Y2 =50t X =X =X,
y=x"x - '2|=1 2l - 2
Ys| 2|1 -1 -1 1||x y—l(x—x—x+x)
v, 111 -1lx, 3THoVAT R T T
1
yAZE(Xl_X2+X3_X4)
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Solutions for Chapter 19 20

35. Derive equations (19.44) for the components of the inertia tensor. [Hint: Expand equation (16.60),

I =mr?@ — m(r - @), for the angular momentum in terms of components.]

We express the terms on the right side of equation (16.60) in terms of components:
w=oi+oj+ok > mrfo=mr’oi+mrio,j+mriok
r-@=Xw, +yo, +20, — m(r-o)r=(Mxeo, +Myo, +mzo,)(Xi+ Yj + k)
= i[mxza)X +MXy, + mXZa)Z]
+j [myxa)X +my’m, + myZa)Z}
+k [mzxa)x +mzym, + mzza)z}
Therefore, using r? = x2 + y? + 22,

| =mr?w —m(r-@)r =mr’w,i+mrle, j+mrisk

H 2
—i| mx“@, + mxyo, +mxze,

myxa, +my’e, +myzo,

—

2
—k| mzxe, + mzyo, + mz°o,

—i |:m(y2 i Zz)a)x _ mxya)y - mxza)z}
+ j[—myxa)X +m(z2 +x Joy, — myza)z:|
+ k[—mzxa)X —mzye, +m(x* + yz)a)z]

In matrix form,

LY [m(y*+2%) —mxy —mxz o,
ly [=|  —myx m(z2 +x?) —myz o,
2 2
1, —mzx —mzy m(x*+y ) )\ o,
By equation (19.46), | = le where the matrix I is the moment of inertia tensor. Therefore
IX IXX Xy Ixz CI)X
=1 Ny ]y
IZ sz Izy Izz ,
2,2
b 1y g m(y“ +z°) —mxy —MXxz
_ _ 2 2 _
- IyX Iyy IyZ = myx m(z©+x°) myz

2 2
Ly 1y 1y —mzx —mzy m(x“ +y°)
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Section 19.6

Find the complex conjugate and Hermitian conjugate of the following matrices

[1+i 2—ij
36. . .
3+i —I

A:(lﬂ_ z__ij R A*:[l_i_ 2_+ij N AT:(A*)T{l_i_ 3_4]
3+1 - 3-1i i 2+1 i

0 -i 0
38. |1 0 —i
0 i 0
0 -i 0 0 i 0 0 -i 0
A=li 0 —i| > A'=l-i 0 i| > AT=A"Y"=li 0 -i
0 i 0 0 —-i 0 0 i 0
i 2i
39. If a=| 1|and b=| 0/, find (i) a'a (ii) b'b (iii) a'b (iv)b'a
i 3

i
() a'a=(-i 1 i) 1|=1+1+1=3
-

2i
(i) b'o=(-2i 0 3)| 0|=4+0+9=13
3
2i
(iii) a'b=(-i 1 i)| 0|=2+3i
3

(iv) b'a=(a"b)" =2-3i

40. Which of the matrices in Exercise 36-38 are Hermitian?

0 -i O
> i
[ : 3 in Exercise 37, i 0 —i|inExercise 38
0 i 0
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41. (i) Show that A:[—]ijﬁ _;jﬁ} is unitary.

(if) Confirm that both the columns and the rows of A form unitary systems of vectors

0 AZ[J/\E i/ﬁj . AT_[l/\E i/ﬁ] CA

e ) N e e
S Iy B S
p—

o+ {42 12 o

“[-?fﬁ va) )

I o AR
o= (42 l/f)[ {/fz]”o
ofey=(ne ) 2 |-t

and the columns are orthonormal.

For the rows, write A = (jiﬁ _;;://_;] = [Zj

Then ' =(1/V2 i/ﬁ)[ 12 le

-i/N2
ol (N3 i/ﬁ)[_‘{/@:o
oot = (/2 _1/@[1/@:1

and the rows are orthonormal.
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i/N3 i/N2 /e
42. Repeat Exercise 41 for A = |/\/§ —i/\/E |/\/5 .
i/N3 0 -2i/J6
i/N3 i/N2 /e -i/\B -3 -i/\3
(i) A=|i/\3 -i/N2 i/ A= -i/V2  iN2 0
i/N3 0 -2i/\6 -i/\l6 -i/N6 2i/\6
i/N3 iz i/Ne \(-i/NB -3 -i/\3
Then A'A=|i/\B -i/N2 i/\6 ||-i/N2 /2 0
i/v3 0 -2i/J6 ) -i/v6 -i/\V6 2i/\6

1/3+1/2+1/6 1/3-1/2+1/6 1/3-1/3) (1 0 0
=|1/3-1/2+1/6 1/3+1/2+1/6 1/3]/3}(0 1 OJ
1/3-1/3 1/3-13  1/3+2/3) 0 0 1

and A in unitary.

i/N3 i/N2 /e
(ii) Forthe columns, write A=|i/3 —i/v2 /N6 [=(c; ¢, ¢5)
i/N3 0 -2i/\J6
i/\3
Then ¢c,=(<i/v3 —i/3 -i/\B)|i/3 :_+ 1.1
i/3
i/<2
o'c, =(-i/v3 -i/\3 -i/\3) i/ﬁ}-%%_o
0

i/
0103 (I/\/§ —|/\/§ —|/\/_) |/I}/:/7J 32 3\1/5—3\2/5:0

Similarly for the other pairs of columns and for the rows:

(note: r, =¢,", r" =¢;)
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