Solutions for Chapter 18

The Chemistry Maths Book

Erich Steiner

University of Exeter

Second Edition 2008

Solutions

Chapter 18 Matrices and linear transformations

18.1
18.2
18.3
18.4
18.5
18.6
18.7

© E Steiner 2008

Concepts

Some special matrices

Matrix algebra

The inverse matrix

Linear transformations

Orthogonal matrices and orthogonal transformations

Symmetry operations
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Section 18.1

1. Construct transformation matrices that represent the following rotations about the z-axis:

(i) anticlockwise through 45°, (ii) anticlockwise through 90°, (iii) clockwise through 90°.

By equation (18.10) an anticlockwise rotation through angle @ is represented by the matrix
cosd —sind
sinfd  cos @

@) 0=n/4, sinf=cosd=1/2

]

. 0 -1
(i) 0=m/2, sinf=1,cos0=0 - [1 OJ

. . 0 1
(iii) 0=-mn/2, sin@=-1,cos0=0 —> [ | OJ

2. Construct a transformation matrix that represents the interchange of X and y coordinates of a point.

By equations (18.3) and (18.5),
X'=0+y X' 0 1)(x
- =
y'=x+0 y' I 0)ly

Section 18.2

For the following matrices,

-5 3 3.0 0
1 -2 3 0 1 -4
0 3 4 2 3 0

2 -1 0 0 -1
0

po! 2 Q 30 3] b=2 5 -2)
= = a:— = —

0 4 0 1 |

find, if possible:

3. detA, trA

Matrix A is not square, and has no determinant or trace.
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0
0]=3x2x(-1)=-6

3
4., detD=|0
0 -1

S N O

rD=3+2-1=4

1 =2
5. detP= =4
0 4
trP=1+4=5
6. deta, tra

Matrix a is not square, and has no determinant or trace.

1 0
7. AT=[=2 3
3 4

-5 4 2

8. C'=
(3 -1 —J

30
9. D'=|0 2 =D

0 0 -1

10. PT = bo
2 4

11. a" =0 -3 1)

2
12. b' =| 5

-2
Section 18.3

For the above matrices find, if possible:

-2 3 0 1 -4 1+0 -2+1

13. A+B= + =
0 3 4 2 3 0 0+2 3-3
-2 3 0 1 -4 1-0 -2-1

14. A-B= - =
0 3 4 2 -3 0 0-2 3+3
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0 1 -4 1 =2 3 -1 3 -7
15. B-A= - =

2 3 0 0 3 4 2 -6 4
16. C+D

The matrices have different dimensions, and addition is not defined.

0 2 2
17. a+b' =| -3 |+| 5|=| 2
1) (=2) (=1

18. a"+b=(0 -3 D+Q2 5 -2)=2 2 -
1 =2} (3x1 3x(-2)) (3 -6

19. 3P=3 = -
0 4) (3x0 3x4 0 12

1 -2 3 0 1 4 240 —-4+3 6-12
20. 2A+3B=2 +3 =
0 3 2 3 0 0+6 6-9 8+0

21. AB

The number of columns of A is not equal to the number of rows of B, and, by equation (18.25),

the matrix product is not defined.

. Bcz{o | —4j \ _31 :(Ox(—5)+1x4+(—4)x2 O><3+1><(—1)+(—4)><(—1))
2x(=5)+(=3)x4+0x2  2x3+(=3)x(~1)+0x(-1)

(% 3]

dimenions: 2x3)x(3%x2) — (2x2)

2 -1

-5 3 0 | 4 0+6 -5-9 20+0
23. CB=| 4 -1 =|0-2 4+3 -16+40
2 3 0
2 -1 0-2 2+3 -8+0
6 -14 20
=2 7 -16
-2 5 =8

dimenions: (3x2)x(2x3) = (3x3)
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-5 3 —-5+0 10+12
24. CP=| 4 —1(1 _Zj =| 440 -8-4
2 )\ 240 —4—4

-5 22

= 4 -12

2 -8

dimenions: (3x2)x(2%x2) — (3x2)

25. PC
Dimensions: (2x2)x(3x2) The number of columns of P is not equal to the number of rows of C,

and the matrix product is not defined.

30 0)(3 0 0) (3x3 0 0y (9 0 0
26. D*’={0 2 0[x|0 2 0= 0 2x2 ol=l0 4 0
0 0 -1)10 0 -1 0 0 —Ix(-)) o o0 1

1 -2)(3 0) (3+0 0-2) (3 -2
27. PQ= = =

0 4)lo 1) (0+0 0+4) (0 4

3 0)1 -2) (3+0 -6+0) (3 -6
28. QP = = =

o 1)lo 4) o+0 o0+4) (0 4

0

0 1 -4 0-3-4) (-7
29. Ba= 3= =

2 30 0+9+0 9

0 0 0 0
30. ab=| 3|2 5 -2)=|-6 -15 6
1 2 5 2

0

3. ba=(2 5 -2)| 3|=(2x0+5x(=3)+(-2)x1)=(-17) =17
1

32. a'b’ =(ba)’

-17 (from Exercise 31)

33. b'a' =(ab)' =| -6 -15 6| =0 -15 5 (from Exercise 30)
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34. Ca

Dimenions: (3x2)x(3x1) The number of columns of C is not equal to the number of rows of a,

and the matrix product is not defined.

-5 3
35. a'C=(0 -3 1) 4 -1|=(-10 2)
2 -1

dimensions: (1x3)x(3x2) =(1x2)

11 1
36. f A=| 2 1 2|, showthat A>—A?-3A+1=0.
2 1 -1

1 1 1
We have A=| 2 1 2| » A= 2 1 2| 2 1 2[=0 52}
5
8

2 1 -1 2 1 -1)l=2 1 -1 -2
1 32 6
> A= 2 1 2 5 2|=
2 1 -1 -2 4 1 -3
36 5 (1 3 2 1 1 1) (1 0 0
Therefore A3 —-A?>-3A+I=| 6 7 8|-[0 5 2(=3 2 1 2|+/0 1 0
4 1 =3} (2 =2 1 2 1 -1) {0 0 1

(3-1-3+1) (6-3-3+0) (5-2-3+0)
=| (6-0-6+0) (7-5-3+1) (8-2-6+0)
(-4-2+6+0) (1+2-3+0) (3-1-3+1)

Il
[ e N -
S O O
S O O

Il

<

a
37. If A=
(c d

b 2 1 3 2
and B = , find A such that AB =
3 2 1 4

a b)2 1 2a+3b a+2b
We have AB = =
3 2 2c+3d c+2d

3 2) . 2a+3b=3,a+2b=2 — a=0,b=1
= 1
2c+3d=1,c+2d=4 —> d=7,c=-10

0 -1
Therefore A= ( ]
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Given the matrices A and B, find AB and BA:

Find the commutator of the following pairs of matrices:

“(370)

2
By Exercise 38, AB—-BA = (

and the matrices commute.

41.

i

0
0

J

0
-1

1
0

)

1
By Exercise 39, AB-BA = (1

and the matrices do not commute.
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42. The spin matrices for a nucleus with spin quantum number 1 are
1 0 0 -i 0
0 1}, I,=—|1i 0 -i
1 0 0 i 0

0
h

0

(i) Find the commutators |:Ix W

1 0
, I,=h|0 0
0 0

-1

][00, ], [0, 1] i) Find 1 + 15 + 15,

@) L, 1,]=11, - LI,
| (0 1 0)0o —i o0 0 i
=5h2 0 1|li o —i|-|i o
o 1 oJlo i o 0 i
(i 0 i i 0 i
=%h2 00 o0|-lo o ofl=Lp
N 0 —i i 0 i
1 0 0
=in*|0 0 0|=inl,
0 0 -1
and similarly for the other pairs. Therefore
I =inl,, [, 0]=ial,  [L,1,]=i%l,
| 0 0)( 0 0 | 1 0
(i) IXZ:Ehz 1 0 1|1 o 1=Eh2 0 2
0 0l 0 0 1 0
. 0 -i 00 —i 0 .
L2=—r"|i 0 -i||i 0 —i|l==#n* 0
2 2
0 i 0/)l0 i 0 -1
0 01 0 o0 1 0
I’ =n’ 010 0l=n* [0 0
-1 -1 0 0

Therefore
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1
43. Given the matrix A =
5 6 7 8

2 3 4
] , find matrices B and C for which BA=AC=A .

BA = A if B is the unit matrix of order 2:

oo

1 0)1 2 3 4 1 2 3 4
Thus BA = = =A
0 1)5 6 7 8 5 6 7 8

AC = A if C is the unit matrix of order 4:

1 0 0 O
0 1 0 O
C=
0O 0 1 0
0 0 0 1
1 0 0 O
1 2 3 4)0 1 0 O (1 2 3 4
Thus AC = = =A
5 6 7 8)J0 0 1 0 5 6 7 8
0 0 0 1

a b
Find the general matrix [C dj for which:

1 2)(a b 0 0
44, =
2 4){c d 0 0
1 2\(a b a+2c b+2d
We have =
(2 4}(0 dj (2a+4c 2b+4dj
0 0 " a+2c=0 —> a=-2¢
= 1

0 0 b+2d=0 — b=-2d

a b -2¢ -2d
Therefore =
c d c d

for all values of ¢ and d.
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45 1 2)(a b (a bY(1 2 (0 0
"2 4)lc d) ¢ dJl2 4) lo o
From Exercise 44,
1 2\(-2c —2d 0 0
2 4 0 0
-2¢ -2d 2C — —4c-8d
Then
= J[ J e ]
0
0
a b -2d 4
Therefore =d
c d d -2

for all values of d.

O R ER TR

0
j if c=-2d
0

-5 3
i - — 1 =2 T _pTAT
46. Given A=| 4 —1| and B= 0 4 , show that (AB) =B A
2 -1
-5 3 -5 22
—_— (-5 4 2
We have AB=| 4 -1 =l 4 -12| > (AB) =
0 4 22 -12 -8
2 -1 2 -8
TT 1 0)y-5 4 2 -5 4 2
and B A = =
-2 4)L 3 -1 -1 22 -12 -8
=(AB)
Section 18.4

Find the inverse matrix, if possible:

2 -3
47. A=
)

As in Example 18.16,

Al = 1 13} 1(1 3
S 2x1-(-3)x4(-4 2] 14|44 2
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1 2 3
48. A=|-2 1 2
3 -1 -1

2 1
+3 ‘=1+8—3

3 -1

We have detA=|-2 1 =

=6
The adjoint A is the transpose of the matrix C of the cofactors of the elements of the determinant

-1 1

1 4 -1 1
Cc=|-1 -10 > A=| 4 -10 -8
1 -8 -1 7 5
. 1 -1 1
Then A’l—g 4 -10 -8
-1 7 5
2 -1 1
49. A=| -1 1 2
-3 1 0
1 =2 -1 =2 -1 1
We have detA =2 + + =4-6+2=0
1 o [-3 0] [-3 1
The matrix is singular, and has no inverse.
L _L
NN
50. A=| 0 1 0
L L
NN
N q 111 0 110 1 1 1
We have etA=— -0-—— =——0+—
N LA R A

s < S
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34 0 0
1 2 0 0
51. A=
0 0 3 1
0 0 4 2
The matrix is in “block-diagonal” form
34 0 0
1 2 0 0 B 0
A: =
0 0 3 1 (0 D]
0 0 4 2
where B, D and 0 are the (2x2) matrices
3 4 31 0 0
B= , D= , 0=
1 2 4 2 0 0
L (B0
Then AT =
0 D'
. (B0 )(BT! 0 BB 0 I 0
because AAT = = =
0 pJ)lo D' 0 bpp') (0 I
4 12 -4 31 4 12 -1
Now B= - B =— , D= - Dl==
2{-1 3 4 2 24 3
2 -4 0 0
4 1/-1 3 0 0
Therefore A~ =—
200 0 2 -1
0O 0 -4 3
52. For each matrix (A) of Exercises 47 — 51, verify (if A™' exists) that AA™' = A'A=1.
4 1(2 =3) 1 3} 1(14 O 1 0
47. AAT =— = - -
4 1)|-4 2/ 14{0 14) |0 1
. 1( 1 3|2 -3 1(14 0 1 0
14(-4 2)\4 1) 14(0 14) (0 1
. 1 2 3 1 -1 1 (1+8-3) (-1-20+21) (1-16+15)
48. AA' ==| 2 1 2| 4 -10 -8|=—|(2+4-2) (2-10+14) (2-8+10
3 -1 -1){-1 7 5 B-4+1)  (-3+10-7) (3+8-9)
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48. (cont)
. 1 -1 1 1 2 3 1+2+3) 2-1-1) (3-2-1)
A’IA:E 4 -10 -8| -2 1 2|==|(4+20-24) (8-10+8) (12-20+8
-1 7 S5)U3 -1 -1 (-1-14+15) (2+7-5) (-3+14-5)
. 6 0 0
=—|0 6 0|=I
6
0 0 6

49. A is singular

1 9 L)L 1
NG NR G NG 10
50 AA'=| 0 1 0 0 1 0 |=l0 1 =1
1 1 1 1
5 0 Hil-5 0 5 oo
L L\ _L __1
7 0 FlE % F] (1 oo
A'A=l 0 1 o010 1 0 |=/0 1 0|=I
__1L L] L L
7 Y F)lE v F)w0o
34 0 0\(2 4 0 0 20 0 0
., 1 2 0 Of|-1 3 0| 110 2 0 0
0 0 3 1|1L0 o0 2 -1] 20 0 2 2
0 0 4 2J)Llo 0o -4 3 0 0 2 2
2 -4 0 0Y3 4 0 0 2.0 0 0
L 1|-1 3 0 of1 2 0 0| 1/0 2 0 0
ATA=— =— =1
2 0 2 -1/0 0 3 1| 20 0 2 2
-4 3Jlo 0 4 2 0 0 2 2
1 2 5 6 e
53. If A= and B = , show that (AB)” =B A
3 4 7 8
1 2 L 14 =2
We have A= > A =——
3 4 203 1
5 6 L 1 8 -6
B= - B =—
7 8 20— 5
1 2)(5 6) (19 22 o150 22
Then AB = = - (AB)'=—
3 4)l7 8) (43 50 443 19
8 -6 4 -2 50 -22
and B'A' = —l X(_lj :l
20-7 5 23 1) 4\-43 19

=(AB)™
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Section 18.5

54. The linear transformation r' = Ar , where

X' X cosd —sind O
r=y|, r=|Vy|, A=|sind cosd 0
7' z 0 0 1

represents an anticlockwise rotation through angle € about the z-axis. (i) Write down the
corresponding linear equations. (ii) Find A for a clockwise rotation through m/4 about the z-axis.
(iii) Show that

cos20 —sin28 O
A% =| sin 20 cos20 0
0 0 1

and explain its geometric meaning. (iv) Explain the geometric meaning of the equation A® =1.

X' cosd —sinf 0)(x X' =Xcos@ — ysin@
@) y' |=|siné cos@ O0|ly| — Yy =xsinf + ycosd
z 0 0 1)\ z '=z

(ii) For the clockwise rotation, 8 =—m/4, sinf = —1/ V2, cosf = 1/ V2.

N2 120
Then A=|-1/"2 1/V2 0
0 0 1

cosd —sind O0)cosd —-sinfd O

(iii) A% =|sind cosd 0] sind cosd 0
0 0 1 0 0 1

cos’6 —sin’0 —2sinfcos @ 0

=| 2sinfcosf —sin’0 +cos’0 0

0 0 1

cos28 —sin20 0
=| sin26¢ cos280 O

0 0 1

A? is anticlockwise rotation through angle 26 about the z-axis.

(iv) If A® =1 then rotation is through 2= 360° (or, more generally, through a multiple of 27 )

and A =2m/3=120° (or a multiple thereof).

© E Steiner 2008




Solutions for Chapter 18 15

55. For transformations in three dimensions, write down the matrices that represent (i) rotation about
the x-axis, (ii) rotation about the y-axis, (iii) reflection in the xy-plane, (iv) reflection in the yz-

plane, (v) reflection in the zX-plane, (vi) inversion through the origin.

(i) X' =X 10 0

y'=ycosf —zsinf — |0 cosfd —sinf

Z'=ysinf + zcosd 0 sinfd cos@
(i) X'=Xxcos@ + zsind cosd 0 sind

y=y - 0 1 0

Z'=—xsin@ + zcosb —sinf 0 cosé
(iii) X'=X 1 0 O

(iv) X' =—X {1 0 0

y'=y - (0 1 0
7'=12 0 0 1
(v) X'=X 1 0 0
y'=-y - |0 -1 0
7'=12 0 0 1
(vi) X' '=-Xx -1 0 0
y'=-y - 0o -1 0
7' =-12 0 0 -1
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The coordinates of four points in the Xy-plane are given by the columns of the matrix
2 3 3 2
X:
(1 12 2)
(see Example 18.19). Find X' = AX for each of the following matrices A, and draw appropriate
diagrams to illustrate the transformations:
1 -2
56. A:L( j y
Jsl2oo1 3
2
oo L(1 2)2 3 3 2 \ 7
Sl 1l o2 2 | 4 3
1(0 1 -1 =2 63.4°
= <71 2
J5 (5 7 8 6) \
o
0 -1
57. !
1 0
3 2
., (0 —1)y2 3 3 2
X =
1 o)1 1 2 2 4 1 4 3
1 -1 2 -2 A
-\ T i e 2
(2 3 3 2] \\>
T
0
2 0
58.
0 1
Y
., (2 02 3 3 2
X'= 5
o 1t 1 2 2 4 3 4 3
—
= 4 6 .66 1 2 1 2
1 1 2 2
T
o
3 1
59.( J
-1 2
Y
o3 N2 332
- 2l 12 2 4 3
7 10 11 8 I 3
= 1 2
0 -1 1 2 1
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60. (i) Find the single matrix A that represents the sequence of consecutive transformations
(a) anticlockwise rotation through @ about the x-axis, followed by (b) reflection in the Xy-plane,

followed by (c) anticlockwise rotation through ¢ about the z-axis. (ii) Find A for 6 = /3 and

2
¢ =-mn/6 . (iii) Find r'= Ar forthisAand r=| 0 |.
-1
cos¢p -—sing 03)1 0 01 0 0
(@) A =|sing cosg 0|0 1 010 cosf# —sinf
0 0 I1\0 0 —-1){0 sind cos@
(c) (b) ()
cosg —sing 0)(1 0 0

=| sing cosg 0|0 cosd —sind
0 0 1)\0 —sind —cos@
cos¢g —cosfsing sindsing

=|sing cosfcosg —sinfcos¢

0 —siné —cosd

(i) Wehave O=n/3 — sin@=+/3/2, cosf=1/2
p=-m/6 — sin¢:—l/2, cosg =+/3/2

NEY R VZ RN CY
Then A=|-12 3/4 -3/4

0 B2 -2
32 4 —\B/aY 2 (VB34
(i) r'=Ar=|-12 B4 -3/4 | 0|=| -1+3/4
0 32 -12 |l 1/2
53
1
——| -1
4
2
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Section 18.6

61. For each of the matrices (i), (iii), and (vi) in Exercise 55, (a) show that the matrix is orthogonal, (b)

find its inverse.

1 0 0
(i) Let A=|0 cos§ -—sinf|=(a b c¢)
0 sind cosé

1 0 0
where a=[0]|, b=|cosf|, ¢c=|—-sinf
0 sin @ cosd

1
(a) For normalization: a'a=(1 0 0)/0|=1

0
bTb:(O cos@ sind)| cosd =cos’d +sin’d =1
sin @
0
cTc=(O —sin@ cos@)| —sind =sin’@ +cos’0 =1
cosd

0
For orthogonality: a'b=(1 0 0)| cosé |=0
sin @
0
a'e=(1 0 0)|-sind |=0
cosd
0
ch=(0 cosd sind)| —sin@ |=—cos@sinf+cosPsinf =0
cos@
1 0 0
Determinant: detA=|0 cos@® —sind|=cos’O+sin’f=1

0 siné cosd

(b) The matrix is orthogonal. Therefore

1 0 0
A'=AT=|0 cos® sind (for & —> —0)
0 —sind cosé
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1 0 0
([iii)Let A=|0 1 0 (=(a b ¢)
0 0 -l
0
(2 a'a=(1 0 0)]0(=1 a'b=(1 0 0)1|=0
0 0

and similarly for the other pairs of column vectors. Also

1 0 O
detA=[0 1 O0f=-1
0 0 -1

(b) The matrix is orthogonal. Therefore

AT'=AT=A  (forreflection in the xy-plane)

(a) as for (iii)

(b) A = AT=A (for inversion)

© E Steiner 2008
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Section 18.7

62. The symmetry properties of the plane figure formed by the four points at the corners of a rectangle

(not a square), Figure 18.9, can be described in terms of four symmetry operations, the identity
Y

operation and three rotations. A

Figure 18.9

|
Il
I
I
R T S SR
o
I
I

3 | 4

(i) Describe these symmetry operations. (ii) Construct the group multiplication table.

The symmetry elements of the rectangle can be chosen as the three 2-fold axes of rotation: Oz, OX,

Oy (an alternative choice is the axis Oz and the bisecting planes xz and yz).

(i) The symmetry operations are
E the identity operation that leaves every point unmoved
A rotation through 180° about the Oz-axis
B rotation through 180° about the Ox-axis

C rotation through 180° about the Oy-axis

(ii) We have, for example,

2 1 1 2 3 4

AC=B —_— —_——

The group multiplication is

E A B C (applied first)
E|E A B C
A|lA E C B
B|B C E A
c|C B A E
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21

63. Construct a two-dimensional matrix representation of the group in Exercise 62 by applying each

symmetry operation in turn to the coordinates (X, y) of a point in the plane of the figure.
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