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Solutions for Chapter 10

Section 10.2

Find the cartesian coordinates (X, Y, z) of the points whose spherical polar coordinates are:

1. (r,0,¢)=(,0,0)
X=1xsin0xcos0=0, y=1xsin0xsin0=0, z=1xcosO0=1
Therefore (X, y,2)=(0,0,1)
2. (r,0,9)=(,n/2,1/2)
X=2xsinm/2xcosn/2=0, Yy=2xsinm/2xsinw/2=2, z=1xcosm/2=0
Therefore (X, Yy, 2) =(0, 2, 0)
3. (r,0,9)=(2,2n/3,3n/4)

Wehave  cos2m/3=—cosm/3=—1/2, sin2n/3=sinn/3=+3/2

cos3n/4 = —cosn/4 = —1/N2, sin3n/4 =sinn/4=1/\2

Therefore %= 2x Y3 -1 JE yzzxﬁxL:ﬁ, 2=2+(-1] -1
2 2 2 2 2 \2 2

and (X, Y,2) :(—\/3/_2, \/3/_2,—1)

Find the spherical polar coordinates (r,8,¢) of the points:

4. (X, ¥,2)=(1, 0, 0)
We have

r=yx*+y’>+z> =1, @=cos™'(z/r)=cos™ (0)=n/2, g=tan"'(y/x)=tan"'(0)=0

Therefore  (r, 8, ¢)=(1, n/2,0)

5 Xy 2)=(0,1,0)
Wehave r=1, O=cos” (0)=mn/2, ¢=tan"' (o) =m/2
Therefore (1, 8, ¢)=(1, n/2,n/2)

6. (X, ¥,2)=( 2, 2)

¢ have r=+14+4+4 =3, = COS =027t~ s =tan =~ 0.3t =
We h J1+4+4=3, 0 1(2/3) ~0.27n ~ 48° 1(2)~0.351 ~ 63°

Therefore  (r, 6, ¢):(3, cos™! (2/3),tan_1 (2))
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7. (XY,2)=(1,-4,-8)

We have
r=9, #=cos™' (-8/9)~0.851~153°, ¢=tan"'(-4)~—-0.421~-76°

But angle ¢ is defined to lie in the range 0 — 2z with tan (2w + ¢) = tan ¢ . Therefore when the
principal value of the inverse tangent is negative, ¢ = tan™' (y / X) + 27 . In the present case,
¢=tan"' (—4)+2m ~1.58 7 ~ 284°
Then (r, 6, ) =(9, cos™ (-8/9),tan”" (~4)+2n
8. (X,¥,2)=(-2,-3,6)
Wehave r=7, O=cos (6/7)~0.17n~31°
and, because X <0,
¢=tan"' (3/2)+m ~ 131 ~236°
Therefore  (r, 8, ¢) = (7, cos™ (6/7),tan”' (3/2) + n)
9. (X,¥,2)=(-3, 4,-12)
Wehave  r=13, @=cos ' (-12/13)~0.87n~157° ¢=tan ' (-4/3)+n~0.70n ~127°

Therefore  (r, 6, ¢)=(13, cos*l(—12/13),tan*1(—4/3)+n)

Section 10.3

Express in spherical polar coordinates:

10. x*—y? =r%sin? fcos? o— r? sin® @sin’ ¢= r? sin® @(cos> ¢—sin2 @)

=r?sin’ Ocos2¢

X+ y2 _ r’sin’ @ (cos2 o+ sin’ @)
=

TR =tan’ 0
z r<cos” @

11.

12. 2722 —x* - y2 =2r% cos® 0—r?sin? 9(0052 ¢+sin2 @)= r2(2 cos? @ —sin? 0)

=r?(3cos’ O-1)
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13. Express in spherical polar coordinates:

() Gy ey 2=y 2=l

9 pp_dflyor_ 1 x_ X
(i) Z-0¢+y2+2) dr[} e

Section 10.4

Find the total mass of a mass distribution of density p in region V of space:

14. p=x*+y*+7%; V:thecube 0<x<1, 0<y<l, 0<z<I

el @l 1
J‘ p(x,y,z) dv= j I (x> +y*+2%) dx |dydz
\' J0J0 0
el e[y ! el
= j i xy? 4 xz? dydz:j j(—+y2+zzjdy dz
00 3 0 0 0 3
fy oy Lo 2 21 7° 1
=| | Z+L+y? :I [—+22sz_ 2
373 o \3 303
0 0

33

15. p=xy’z’; V:thebox 0<x<a, 0<y<b, 0<z<c

c pb pa a b z
j p(x,y,z)dvzj I j xy?z* dxdydz :j x dx XI y? dyxj 7 dz
v 0 00 0 0 0

a> ¥ ¢t a’vct

16. p:xz; V:theregion 1-y<x<1,0<y<], 0<z<2

J‘ p(x,y,z)dv:J. j J. x? dx dy dz j dzxj “ X dx}dy
v y=0#1-y y=0
1 3 1
=2j X—} dy=3.[ 1-(1-y) {y+(1_y) }
y—O{ 3 -y 3 y:0|: ] 4 o
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17. p=e Y. V: the infinite region x>0, y >0, 2> 0

J‘p(x,y,z)dv:J. j J‘ e T+ gy dy dz
\' 0 0 0
=J. e_XdXXJ. e‘ydny‘ e ldz=1x1x1=1
0 0 0

18. p= X2 +y?+2%; V:the sphere of radius a, centre at the origin

2n e ma 2n n a
jp(r,9,¢)dv=j Jj(rz)rzsinadrd9d¢=I d¢xj sianﬁxj r*dr
\ 0 0 J0 0 0 0

a’  4ma’

=2AX2x— =
5 5

) 2
19. p= w; V: the sphere of radius a, centre at the origin

r
2n e ma .2 2
jp(r,6,¢)dv:I II(erZSinedrdad¢
v 0 Jo Jo r

2n b a
:I cos’ ¢ dg XJ‘ sin3l9d¢9><J‘ rdr

0 0 0
P21 1 2n 1 1 2n

We have cosz¢d¢=EI (1+cos2¢)d¢:g[¢+5sin2¢} =7
0

Jo 0

T

n 3 n
sin30d6’:J. (1-cos® @)sin@ d6 = —cos@+ o1 2
J0 0 3 3

0

. 2n m a
Therefore p(r,9,¢)dv:I cos> g dg X.[ sin36d6’><j rdr
Jv 0 0 0
a’ 2ma’
=TX—X——=
2 3

20. p=rie"; V:allspace

2n et @© 0
J‘ p(r,ﬁ,qﬁ)dv:J. I J. (r3e’r)r2sin gdr d6d¢:4nJ‘ rie"dr
\' 0 0 0

0

=4nx5!=480%
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21. The 2s orbital of the hydrogen atom is
1

W252:4 S;;g

Show that the integral of '//225 over all space is unity.

—r/2a,

2-r/ay)e

2n pm @
J‘y/zfdv: 13j Ij(z—r/%)ze—f/% r?sin @dr d@ dg
321‘1’,&0 0 J0o J0

3 4
= l3><4n><j 4r2—4L—i-r—2 e " dr
32%&) 0 a, a

Then, using the standard integral, I e r"dr=nl/a"" with a=(l/a,),
0

J“/’ sz:L 4x2! B 4x3! N 4!
28| (fay) ag(i/ag)t 2 (/a)’

1
=§[8—24+24]=1

22. The 3p, orbital of the hydrogen atom is
Wsp, =C(6- ryre™ cos 6

(in atomic units) where C is a constant. Find the value of C that normalizes the 3p, orbital.

2n @ @O )
J‘/’SPZZdU:CZJ. I J. ((6—r)re_r/30056?) r’sin dr d@ d¢
0 0 0

2n T ©
=CZI d¢xj coszé’sinﬁdﬁxj e 2336r* —12r° +r0)dr
0 0 0

:C2X27[><2X|:36X4! 12x5! 6! 1_3SKC2

- +

3023 @23° /3 2
2 1 /2
Therefore V3p, dv=1 when C =§ =
T

and the normalized 3p, orbital is

1 /2 _
Wi, :a\/;w—r)re 3 cos O
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23. Calculate the average distance from the nucleus of an electron in the 2s orbital (see Exercise 21).

1 [~ art _
r= rdv =— 4r’ - e "% dr
.[WZS v 88.8 o [ aO +a02 J
et a5 |
8a; | (1/a,)" ag(/ay)°  a,*(1/ag)’°

24. Calculate the average value of r* for the 3 p, orbital (see Exercise 22).

2= j%pzzrz do= 3%'[ e 2P36re —12r” +r¥)dr
0

_8136x6! 12x71 81 | .o
3?23 @3 @3

Section 10.5

Find V¥ :

25. f(x,vy,2)=xy’z*

Vi (xy'zt) = R ] vl PO [l
ox? oy? oz?
3,2

=2y’ +6x°yz* +12x%y’z

26. f(r)y=r"e™® : f(r) is a function of r only. Therefore

v2 he=ar [i +2d_Jrne—ar

dr? rdr
We have
d n,—ar n-1 n —ar n n,—ar
—((r'e ™ )=(nr— —ar’)e :{——a}r e
dr r
d2 d 1 1 2 1
d—z(r”e‘ar) :d—(n—ar)r”‘ e :[—ar“‘ +(n=D(n—anr" —a(n-arr" Je‘a'
r r

2

{n(n—l)_@Mz}nem
r r

2
Therefore V2r"e @ = d— +£d_ rNear — n(n+1) 2a(n+1) +al e
dr® rdr r2 r
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-r

27, f(ry="—
r

-r 2 -r
We have L l+i e, a7 fe” | l+£+£ e
dri r ror’ dr r ror2 gl

- 2 —-r —r
Therefore ~ V? Ly d_+gd_ € _¢
dr> rdr)r r

28. f(r,0,4)=esinOsing

Let f(r,0,4)=e""sinOsing = R(r)x O(0) x D(¢)
Then V2= Li[rzd_Rj OD+ .1 i[sin@d—@j R_CD+
r? dr dr sind dé@ dae )| r?

Wehave R=e"?: Li(rzd_Rj: 125

r2dr dr 9 3r

25 2
O =sind: ;i(sinﬁd—@jzw@ (as in Example 10.11)
sin@d d@ do sin® @

2
@D =sing: ((j:i; =-sing =-D(J)

1 2 20 — sin? 1 1
Therefore V2= -2 88 20 zm 0_ — R@@:(____
9 3r r“sin® @ r“sin® @
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29. f =xze"?

2 2
We have a_ 26”2 +xz[ier/2j, %:ZZ[ier/szrxz a—ze’r/2
OX OX OX OX OX

and, similarly,
2 2 2 2
gzxz a—ze‘r/2 , g=2x(ie‘r/2j+xz a—ze‘r/2
oy oy 01 0z 0z

2 2 2
Therefore V> f = ot +8 f +a f :Zz(ie‘r/2j+2x(§e‘r/2j+ xz(Vze‘r/z)

x* oyt ort ox z
dr dr
Now r=2+y2+29)" and —=x/r, —=1/r.
( y ) dx / dz /
Then ie_r/z =_le_r/2 Xlz_ie_r/z
oX 2 r 2r
ie—r/z :_ie—r/z
0z 2r
2
Also v2e? = d_+gd_ e :(l—lje‘r/2
dr? rdr 4 r

Therefore  V2f =| -2 [e/2 4| X2 e‘r/2+xz[l—lje‘r/2 :(l—észe‘r/2
r r 4 r 4 r

30. If f =(2-r)e™/? show that V2 f + 2f _ %.
r

2
Wehave  fn=@-ne? —» [T olerz  dF 13 Tl
dr dr? 2 4

dr? rdr 2 4 r
and V2f+£= é_i_i e—r/2+ i—2 e_r/2
1 1
——@2-re =2t
4( ) 2
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31. If f =ze>"? show that V> f +ﬂ=%.
r

2 2 2 2
We have Q:Z[a_em’/ZJ’ ﬂ:z(a_e3r/2J

ox? ox? oy? oy?
2 2
and ﬂ _ e—3r/2 4 Z(a—e_3r/2j, ﬂ _ 2(6_6—%/2)_'_ 7 a_e—3r/2
oz oz oz? oz oz?

2 2 2
Therefore V> f = of +6 f +6 f =2 ie*3r/2 JrZ(V2(§—3r/2)
ox? oyt art oz

0 a2 _ 3 sp 2 32 s

Now —e ~e e
oz 2 roo2r
2
and v2e3/2 = d_+gd_ e31/2 :(g_gjewz
dr? rdr 4 r

Therefore V2 f =—£e_3r/2 +Z(2—§je_3r/2 =2f —ﬁf

r 4 r 4 r
vif S22y
ro 4
32. If f =xye™" show that V*f FLLE

r

2 2
We have i=ye"+xy(ie‘rj, ﬂ=2y[ie‘rj+xy(a—e‘rJ
OX OX

ox? ox ox?

2 2
a_ xe " + xy[ie‘r j % = 2x(£e"j+ Xy 8—2e‘r
oy oy oy oy oy
_azf = Xyie’r
oz* o’

2
Now Ot =X, Do = Yo and v =[gi+d—je‘r =(l—zje‘r
OX r oy r ror dr? r
ot ot o f

Therefore V> f

_ 4 -r 2,
% + 6y2 + s ——?xye +XyV-<e

-G8

and vl og
r
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ar

33. Show that f(r)=-—, where a is an arbitrary number, satisfies V> f =a*f .
r

ar 2 ar 2
We have d_ e_ = E_L ear’ d_ € = a__é_'_i ear
dr{ r ror? dr2| r ror? iyl

ar 2 ar -r
Therefore ~ V? L d—+£d_ e_=aze_
r dr? rdr)r r

or Vif=a’f

Show that the following functions satisfy the Laplace equation:

34, f(x,y,2)=2x>-3x(y*+2%)

Therefore V2 =0

35, f(r,0,4) =520

r’sin’ @
1 1
Let f(r, 0, ¢) = —x———xcos 2¢ = R(r)x O(0) x D(¢)
r° sin“ 6@
We have Rzlz ii rzd—R =£R
r2 r2 dr dr r2

2
oL . L d (. d0) 2rcs’o)
sin?@ sin@ do déo sin’ @

d’o

D =cos2g: i =—4cos2¢p = 4D

do r’sin’ @ | dg’

2
Therefore  V*f = Li r2d_R @¢+LR .1 i Singd_@ <p+& d"o
r2 dr dr r? sin@ d@

2 2(1+cos’ 6) 4
== - R(NO( )@
{rz ’ r?sin’ @ r? sin’ 9} N&(0)2)

L[25in29+2+200526—4]f :L

= 2+2-4(f=0
r?sin? @ r? sinzﬁ[ ]
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36. f(r,0,¢)=r"sin" Ocosng, n=1,2,3, ...

Let f(r,0,¢)=r"xsin" @xcosng = R(r)x O(0) x D(p)
We have R=r": ii(rz d—Rj= n(n+1)r"2 =—n(n+1)R
r2dr dr r2

®=sin"0: ! i(sinE’d—@] =
sing d@ do

2 2
n .cozs H_n}@
sin” @

2
@ =cosng: ((jj(b@ = —nz@(¢)

2

2
Therefore  Vf = Li(rzd_Rj O +LR .1 i(sin@d—@j @+& "o
r2dr dr r2 |sin@ do de r’sin’ 0| dg?
1 I n* cos’ @ n?
=—|n(n+1)+ -n-— ROD
r’| D Gra sin” 6
[ 2 2 202 2
:LZ n2+n+n .cozs 49_n_n (sin .492+cos 0) f-0
| sin” @ sin” @

37. The d’Alembertian operator is
2 2 2 2
1
0’= a_z + a_z + a_z - _26_2
ox~ oy° oz c” ot
where X, Y, Z are coordinates, t is the time, and C is the speed of light. Show that if the function
ikct

f(X,y,2) satisfies Laplace’s equation then the function g(X,y,z,t)= f(Xx,y,z)e" satisfies the

equation O° g = k?g.

2 .
Wehave  O%g(x,Y,z,t)= {Vz - %5—2} f(x,y,z)e"
c” ot

2 ¢ 7 aiket 1 & ik
=|:V f:|elc—f|:c—2¥elc:|

=0—f iz(ikc)ZeikCt — k2f eikct
C

Therefore  O°g =k?g.
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Section 10.6

38. What are the parametric equations of a left-handed helix in

(i) cartesian coordinates, (ii) cylindrical polar coordinates?

(i) Asin Example 10.13 but with y > -y :
Xx=acost, y=-asint, z=hbt

(i) p=a, p=-t, z=Dht

39. Integrate the function f =y?z’> over the cylindrical region of radius a, between z=0 and z =1,

and symmetric about the z-axis.

In cylindrical coordinates, f(p, ¢, 2) = p2 sin’ #7° . Then

1 2n a
I f(p,¢,z)dvzj I I (p*sin’¢z*) pdpdgdz
A 2=0¥ ¢=04 p=0
1 2n a 1 a4
:I ZSdeI sin2¢d¢xj p3dp:anxT

=0 $=0 =0
_na’
16
.. . ry + Iy ry—Ig .
Use confocal elliptic coordinates, & = R n= o @, to integrate over all space:

—(ry+1rg)
e A B
40, ——
A

We have r,+r=RE, 1y :§(§+77),

e—(I’A+I’B) R3 J427r j+l jw [ e,Rg J s s
Th ——dv=— ————|(&* -n*)d&dnd
- j R PP P R s o) R

R2 2n +1 0
-2 d¢j j e (F—n)dedn
0 =14 &=1

TCRZ +1 0 +1 £
:TJ dnj engdg—J. nan e Rede
-1 1 -1 1

+1 +1
Now J‘ dn=2, I ndn =0

-1 -1
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Therefore, by parts,

—(ry+1g) o0
Ie dv:nsz e Résde
1

A

e_(rA+rB)

41.

cos’ ¢
I

R
We have r,+1g=RE, 1 23(9‘—77),

—(ry+13) 3 p2n +1 o —-R¢
Then '[e cos2¢dv:R— I I (e—J (&> —n*)cos’> pd&dndg
) 8 oo Jy—idea\ R(E-m)/2

+1 el
= cos2¢d¢J' j e R (&+mdedy
—1d e

Rz P21 +1 ) +1 0
=— cos® pdg J- dn.[ e Reede +J. 77d77J- e Rede
4 Jo -1 1 -1 1

27 +1 +1
Now J cosz¢d¢=n,j dnzZ,J ndn=0

0 -1 -1

Therefore, as in Exercise 40,

(A +15) 2 p®
J'e cosz¢dv:%J‘ e ReEds
i

s

T -R
=—(R+1e
2( )
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