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Solutions for Chapter 10  2

Section 10.2 
 
Find the cartesian coordinates (x, y, z) of the points whose spherical polar coordinates are: 

 

1. ( , , ) (1, 0, 0)r θ φ =  

     1 sin 0 cos 0 0, 1 sin 0 sin 0 0, 1 cos 0 1x y z= × × = = × × = = × =

 Therefore ( ,  , ) (0, 0, 1)x y z =

2. ( , , ) (2,π 2,π 2)r θ φ =  

    2 sin π 2 cos π 2 0, 2 sin π 2 sin π 2 2, 1 cos π 2 0x y z= × × = = × × = = × =  

 Therefore  ( , , ) (0, 2, 0)x y z =

3. ( , , ) (2,2π 3,3π 4)r θ φ =  

 We have  cos 2π 3 cos π 3 1 2, sin 2π 3 sin π 3 3 2

cos3π 4 cos π 4 1 2, sin 3π 4 sin π 4 1 2

= − = − = =

= − = − = =

 

 Therefore 3 1 3 3 1 3 12 , 2 , 2
2 2 2 22 2

x y z⎛ ⎞ ⎛ ⎞= × × − = − = × × = = × − = −⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

1
2

 

 and   ( )( , , ) 3 2, 3 2 , 1x y z = − −  

 
 
Find the spherical polar coordinates ( , , )r θ φ  of the points: 

 

4.  ( , , ) (1, 0, 0)x y z =

 We have 

 ( ) ( ) ( )2 2 2 1 1 1 11, cos ( ) cos 0 π 2, tan tan 0 0r x y z z r y xθ φ− − − −= + + = = = = = = =  

 Therefore ( , , ) (1, π 2, 0)r θ φ =  

5.  ( , , ) (0, 1, 0)x y z =

 We have  ( ) ( )1 11, cos 0 π 2, tan π 2r θ φ− −= = = = ∞ =  

 Therefore ( , , ) (1, π 2, π 2)r θ φ =  

6.  ( , , ) (1, 2, 2)x y z =

 We have  ( )1 11 4 4 3, cos (2 3) 0.27π 48 , tan 2 0.35π 63r θ φ− −= + + = = ≈ ≈ ° = ≈ ≈ °  

 Therefore ( )( )1 1( , , ) 3, cos 2 3 , tan (2)r θ φ − −=  
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7.  ( , , ) (1, 4, 8)x y z = − −

 We have   
    1 19, cos ( 8 9) 0.85π 153 , tan ( 4) 0.42π 76r θ φ− −= = − ≈ ≈ ° = − ≈ − ≈ − °  

 But angle φ  is defined to lie in the range  with 0 2π→ tan (2π ) tanφ φ+ = . Therefore when the 

 principal value of the inverse tangent is negative, ( )1tan 2πy xφ −= +

°

. In the present case,   

     ( )1tan 4 2π 1.58π 284φ −= − + ≈ ≈

 Then  ( )( )1 1( , , ) 9, cos 8 9 , tan ( 4) 2πr θ φ − −= − − +  

8.  ( , , ) ( 2, 3, 6)x y z = − −

 We have  ( )17, cos 6 7 0.17π 31r θ −= = ≈ ≈ °  

 and, because ,   0x <

    1tan (3 2) π 1.31π 236φ −= + ≈ ≈ °  

 Therefore ( )( )1 1( , , ) 7, cos 6 7 , tan (3 2) πr θ φ − −= +  

9.  ( , , ) ( 3, 4, 12)x y z = − −

 We have  ( )1 113, cos 12 13 0.87π 157 , tan ( 4 3) π 0.70π 127r θ φ− −= = − ≈ ≈ ° = − + ≈ ≈ °  

 Therefore ( )( )1 1( , , ) 13, cos 12 13 , tan ( 4 3) πr θ φ − −= − − +  

 

Section 10.3 

 
Express in spherical polar coordinates: 

 

10. 2 2 2 2 2 2 2 2 2 2 2 2

2 2

sin cos sin sin sin (cos sin )

sin cos 2

x y r r r

r

θ φ θ φ θ φ

θ φ

− = − = −

=

φ  

 

11. 
2 2 2 2 2 2

2
2 2 2

sin (cos sin ) tan
cos

x y r
z r

θ φ φ θ
θ

+ +
= =  

 

12. 2 2 2 2 2 2 2 2 2 2 2 2

2 2

2 2 cos sin (cos sin ) (2cos sin )

(3cos 1)

z x y r r r

r

θ θ φ φ θ

θ

− − = − + = −

= −

θ  
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13. Express in spherical polar coordinates:  

  

 (i) 2 2 2 1 2 2 1 2 1( ) ( )x y z r
r

− −+ + = = ,   

 (ii) 2 2 2 1 2
2 3

1 1( ) d r xx y z
x dr r x r r

−∂ ∂⎛ ⎞+ + = × = − × = −⎜ ⎟∂ ∂⎝ ⎠

x
r

 

 

Section 10.4 

 
Find the total mass of a mass distribution of density ρ in region V of space: 

  

14. 2 2 2x y zρ = + + ;    V: the cube 0 1,  0 1,  0 1x y z≤ ≤ ≤ ≤ ≤ ≤  

    
1 1 1

2 2 2

V 0 0 0

11 1 1 13
2 2 2 2

0 0 0 00
1 11 13 3

2 2

0 00 0

( ) ( )

1
3 3

2 2
3 3 3 3 3

2 1 1
3 3

x y z d x y z dx dy dz

x xy xz dy dz y z dy d

y y z zyz z dz

ρ
⎡ ⎤

, , = + +⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤
z

⎡ ⎤⎛ ⎞= + + = + +⎢ ⎥ ⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦⎣ ⎦

⎡ ⎤ ⎡ ⎤⎛ ⎞= + + = + = +⎢ ⎥ ⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

= + =

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

∫ ∫

v  

 
15. 2 3xy zρ = ; V: the box 0 ,  0 ,  0x a y b z≤ ≤ ≤ ≤ ≤ ≤ c  

    2 3 2 3

V 0 0 0 0 0

2 3 4 2 3 4

( )

2 3 4 24

c b a a b z

0
x y z d xy z dx dy dz x dx y dy z dz

a b c a b c

ρ , , = = × ×

= × × =

∫ ∫ ∫ ∫ ∫ ∫ ∫v  

 
16. 2xρ = ;    V: the region 1  1,  0 1,  0 2y x y z− ≤ ≤ ≤ ≤ ≤ ≤

    
2 1 1 2 1 1

2 2

V 0 0 1 0 0 1

1 11 13 4
3

0 01 0

( )

2 22 1 (1 )
3 3 3 4

2 1 11
3 4 2

z y y z y y

y yy

x y z d x dx dy dz dz x dx dy

x ydy y dy y

ρ
= = − = = −

= =−

⎡ ⎤
, , = = × ⎢ ⎥

⎢ ⎥⎣ ⎦

(1 )⎡ ⎤ ⎡ −⎡ ⎤= = − − = +
⎤

⎢ ⎥ ⎢⎣ ⎦ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣

⎡ ⎤
= − =⎢ ⎥

⎣ ⎦

∫ ∫ ∫ ∫ ∫ ∫ ∫

∫ ∫

v

⎦
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17. ( )x y zeρ − + += ;    V: the infinite region  0,  0,  0x y z≥ ≥ ≥

     ( )

V 0 0 0

0 0 0

( )

1 1 1 1

x y z

x y z

x y z d e dx dy dz

e dx e dy e dz

ρ
∞ ∞ ∞

− + +

∞ ∞ ∞
− − −

, , =

= × × = × ×

∫ ∫ ∫ ∫

∫ ∫ ∫

v

=

2
 
18. 2 2x y zρ = + + ;    V: the sphere of radius a, centre at the origin 

    ( )
2π π 2π π

2 2 4

V 0 0 0 0 0 0

5 5

( ) sin sin

4π2π 2
5 5

a a

r d r r dr d d d d r d

a a

ρ θ φ θ θ φ φ θ θ, , = = × ×

= × × =

∫ ∫ ∫ ∫ ∫ ∫ ∫v r  

 

19. 
2 2sin cos

r
θ φρ = ;   V: the sphere of radius a, centre at the origin 

    
2π π 2 2

2

V 0 0 0

2π π
2 3

0 0 0

sin cos( ) sin

cos sin

a

a

r d r dr d d
r

d d r d

θ φ

r

ρ θ φ θ θ φ

φ φ θ θ

⎛ ⎞
, , = ⎜ ⎟⎜ ⎟

⎝ ⎠

= × ×

∫ ∫ ∫ ∫

∫ ∫ ∫

v  

 We have  
2π2π 2π

2

0 0 0

1 1 1cos (1 cos 2 ) sin 2 π
2 2 2

d dφ φ φ φ φ φ
⎡ ⎤

= + = +⎢ ⎥
⎣ ⎦∫ ∫ =  

    
ππ π 3

3 2

0 0 0

cos 4sin (1 cos )sin cos
3 3

d d θθ θ θ θ θ θ
⎡ ⎤

= − = − + =⎢ ⎥
⎢ ⎥⎣ ⎦∫ ∫  

 Therefore 
2π π

2 3

V 0 0

2 2

( ) cos sin

4 2ππ
3 2 3

a

r d d d r d

a a

ρ θ φ φ φ θ θ, , = × ×

= × × =

∫ ∫ ∫ ∫v
0

r

dr

 

20. ;  V: all space 3 rr eρ −=

     ( )
2π π

3 2 5

V 0 0 0 0
( ) sin 4π

4π 5! 480π

r rr d r e r dr d d r eρ θ φ θ θ φ
∞ ∞

− −, , = =

= × =

∫ ∫ ∫ ∫ ∫v
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21. The 2s orbital of the hydrogen atom is  

  02
2 03

0

1 (2 ) .
4 2π

r a
s r a e

a
ψ − /= − /   

 Show that the integral of 2
2sψ   over all space is unity. 

 

    0

0

2π π
2 2

2 03
0 0 00

3 4
2

3 2
0 00 0

1 (2 ) sin
32π

1 44π 4
32π

r a
s

r a

d r a e r
a

r rr e dr
aa a

2 dr d dψ θ θ
∞

− /

∞
− /

= − /

⎛ ⎞
= × × − +⎜ ⎟⎜ ⎟

⎝ ⎠

∫ ∫ ∫ ∫

∫

v φ  

 Then, using the standard integral,  1

0
!/ar n ne r dr n a

∞ − +=∫  with 0(1 )a a= , 

    2
2 3 3 4 2

0 0 0 0 0 0

1 4 2! 4 3! 4!
8 (1 ) (1 ) (1 )

1 8 24 24 1
8

s d
a a a a a a

ψ
⎡ ⎤× ×

= − +⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤= − + =⎣ ⎦

∫ v 5  

 
 
22. The 3  orbital of the hydrogen atom is zp

  3
3 (6 ) cos

z

r
p C r reψ θ−= −  

 (in atomic units) where C is a constant. Find the value of C that normalizes the 3  orbital. zp

 

    ( )
2π π 22 2 3 2

3
0 0 0

2π π
2 2 2 3 4 5

0 0 0

8 2
2

5 6 7

(6 ) cos sin

cos sin (36 12 )

2 36 4! 12 5! 6! 3 π2π
3 2(2 3) (2 3) (2 3)

z

r
p

r

d C r re r dr d d

C d d e r r r d

CC

ψ θ θ

φ θ θ θ

∞
−

∞
−

= −

= × × − +

⎡ ⎤× ×
= × × × − + =⎢ ⎥

⎢ ⎥⎣ ⎦

∫ ∫ ∫ ∫

∫ ∫ ∫

v

6 r

θ φ  

 Therefore 2
3

1 21 when  
81 πzp d Cψ = =∫ v  

 and the normalized 3  orbital is  zp

    3
3

1 2 (6 ) cos
81 πz

r
p r reψ θ−= −  
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23. Calculate the average distance from the nucleus of an electron in the 2s orbital (see Exercise 21). 

 

    0
4 5

2 3
2 3 2

0 00 0

03 4 5 2 5
0 0 0 0 0 0

1 44
8

1 4 3! 4 4! 5! 6
8 (1 ) (1 ) (1 )

r a
s

r rr r d r e dr
aa a

a
a a a a a a

ψ
∞

− /⎛ ⎞
= = − +⎜ ⎟⎜ ⎟

⎝ ⎠

⎡ ⎤× ×
= − +⎢ ⎥

⎢ ⎥⎣ ⎦

∫ ∫v

=

 

 
 
24. Calculate the average value of  for the  orbital (see Exercise 22). 2r 3 zp

 

    2 2 2 2 3 6 7 8
3 9

0

9 7 8 9

8 (36 12 )
3

8 36 6! 12 7! 8! 180
3 (2 3) (2 3) (2 3)

z

r
pr r d e r r r dψ

∞
−= = − +

⎡ ⎤× ×
= − + =⎢ ⎥

⎢ ⎥⎣ ⎦

∫ ∫v r  

Section 10.5 

 
Find 2 :f∇  

 

25. 2 3 4( , , )f x y z x y z=  

    ( )
2 2

2 2 3 4 2 3 4 2 3 4 2 3 4
2 2

3 4 2 4 2 3 22 6 12

2

2x y z x y z x y z x y z
x y

y z x yz x y z

⎛ ⎞ ⎛ ⎞ ⎛∂ ∂
∇ = + +⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜ ⎟ ⎜∂ ∂⎝ ⎠ ⎝ ⎠ ⎝

= + +

z

⎞∂
⎟⎟∂ ⎠

 

26. ( ) n arf r r e−= : ( )f r  is a function of r only. Therefore  

    
2

2
2

2n ar n ard dr e r e
r drdr

− −⎛ ⎞
∇ = +⎜ ⎟⎜ ⎟

⎝ ⎠
  

 We have 

 1

2
1 1 2 1

2

2
2

( ) ( )

( ) ( ) ( 1)( ) ( )

( 1) 2

n ar n n ar n ar

n ar n ar n n n ar

n ar

d nr e nr ar e a r e
dr r

d dr e n ar r e ar n n ar r a n ar r e
drdr

n n an a r e
rr

− − − −

− − − − −

−

⎡ ⎤
= − = −⎢ ⎥

⎣ ⎦

⎡ ⎤= − = − + − − − −⎣ ⎦

⎡ ⎤−
= − +⎢ ⎥
⎣ ⎦

− −

 

 Therefore 
2

2 2
2 2

2 ( 1) 2 ( 1)n ar n ar n ard d n n a nr e r e a r e
r dr rdr r

− −⎛ ⎞ ⎡ ⎤+ +
∇ = + = − +⎜ ⎟ ⎢ ⎥⎜ ⎟ ⎣ ⎦⎝ ⎠

−  
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27. ( )
ref r

r

−

=  

 We have  
2

2 2 2 3
1 1 1 2 2,

r r
r ad e d ee e

dr r r r rr dr r r

− −
r− −⎛ ⎞ ⎛ ⎞⎡ ⎤ ⎡ ⎤

= − + = + +⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟⎣ ⎦ ⎣ ⎦⎝ ⎠ ⎝ ⎠
 

 Therefore 
2

2
2

2r re d d e e
r r dr rdr

− −⎛ ⎞ ⎛ ⎞
∇ = + =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

r

r

−

 

 
28. 3( , , ) sin sinrf r eθ φ θ−= φ  

 Let   3( , , ) sin sin ( ) ( ) ( )rf r e R rθ φ θ φ Θ θ−= = × Φ φ×  

 Then  
2

2 2
2 2

1 1 sin
sin sin

d dR d d R d Rf r
dr dr d dr r

Θ Φ Φ ΘΘΦ θ
θ θ θ 2 2 2d rφ θ

⎡ ⎤⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞∇ = + + ⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦ ⎣ ⎦
 

 We have  3 2
2

1 1:
9 3

r d dRR e r R
dr dr rr

− 2⎡ ⎤⎛ ⎞= =⎜ ⎟ −⎢ ⎥⎝ ⎠ ⎣ ⎦
 

    
2 2

2
1 cossin : sin

sin sin
d d

d d
sinΘ θ θΘ θ θ

θ θ θ θ
−⎛ ⎞= =⎜ ⎟

⎝ ⎠
Θ s i  (a n Example 10.11) 

    
2

2sin : sin ( )d
d
ΦΦ φ φ Φ
φ

= = − = − φ  

 Therefore  
2 2

2
2 2 2 2 2

1 2 cos sin 1 1 2 2
9 3 9 3sin sin

f R f
r rr r

θ θ ΘΦ
θ θ

⎛ ⎞− ⎛ ⎞∇ = − + − = − −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠ r
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

© E Steiner 2008   



Solutions for Chapter 10  9

29. 2rf xze−=  

 We have  
2 2

2 2 2
2 2, 2r r rf fze xz e z e xz e

x x xx x
− − − ⎛ ⎞∂ ∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞= + = + ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠

2r−  

 and, similarly, 

    
2 2 2 2

2 2
2 2 2 2, 2r rf fxz e x e xz e

zy y z z
− −⎛ ⎞ ⎛∂ ∂ ∂ ∂ ∂⎛ ⎞= = +⎜ ⎟ ⎜⎜ ⎟⎜ ⎟ ⎜∂∂ ∂ ∂ ∂⎝ ⎠⎝ ⎠ ⎝

2r− ⎞
⎟⎟
⎠

 

 Therefore   ( )
2 2 2

2 2
2 2 2 2 2r rf f ff z e x e x

x zx y z
− −∂ ∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞∇ = + + = + + ∇⎜ ⎟ ⎜ ⎟∂ ∂∂ ∂ ∂ ⎝ ⎠ ⎝ ⎠

2 2 2rz e−  

 Now   2 2 2 1( )r x y z= + + 2   and  ,  dr drx r z
dx dz

= = r . 

 Then  2 2

2 2

1
2 2

2

r r

r r

x xe e e
x r

ze e
z r

− −

− −

∂
= − × = −

∂

∂
= −

∂

2r

r
−  

 Also  
2

2 2 2
2

2 1 1
4

r rd de e
r dr rdr

− −⎛ ⎞ ⎛ ⎞∇ = + = −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

2re−   

 Therefore 2 2 2 21 1 1 3
4 4

1 3
4

r r rxz xzf e e xz e xze
r r r r

f
r

− − −⎡ ⎤ ⎡ ⎤ ⎛ ⎞ ⎛ ⎞∇ = − + − + − = −⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
⎛ ⎞= −⎜ ⎟
⎝ ⎠

2r−    

 
 

30. If 2(2 ) rf r e−= −  show that 2 2 .
4

f ff
r

∇ + =  

 

 We have  
2

2 2
2

3( ) (2 ) 2 ,
2 2

r rdf r d f rf r r e e e
dr dr

− −⎡ ⎤ ⎡ ⎤
= − → = − = −⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦
2

4
r−  

 Therefore 
2

2 2
2

2 5 4( ) ( )
2 4

rd d rf r f r e
r dr rdr

−⎛ ⎞ ⎡ ⎤
∇ = + = − −⎜ ⎟ ⎢ ⎥⎜ ⎟ ⎣ ⎦⎝ ⎠

 

 and   2 2

2

2 5 4 4 2
2 4

1 1(2 )
4 4

r r

r

f rf e
r r r

r e f

− −

−

⎡ ⎤ ⎡ ⎤
∇ + = − − + −⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦

= − =

2e  
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31. If 3 2rf ze−=  show that 2 6 9 .
4

f ff
r

∇ + =  

 

 We have  
2 2 2 2

3 2 3 2
2 2 2 2,r rf fz e z e

x x y y
− −⎛ ⎞ ⎛∂ ∂ ∂ ∂

= =⎜ ⎟ ⎜⎜ ⎟ ⎜∂ ∂ ∂ ∂⎝ ⎠ ⎝

⎞
⎟⎟
⎠

 

 and   
2 2

3 2 3 2 3 2 3 2
2 2, 2r r rf fe z e e z e

z z zz z
− − − −⎛ ⎞∂ ∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞= + = + ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠

r  

 Therefore   ( )
2 2 2

2 3 2
2 2 2 2 r rf f ff e

zx y z
− −∂ ∂ ∂ ∂⎛ ⎞∇ = + + = + ∇⎜ ⎟∂∂ ∂ ∂ ⎝ ⎠

2 3 2z e  

 Now  3 2 3 2 3 23 3
2 2

r r z ze e e
z r

− −∂
= − × = −

∂
r

r
−  

 and   
2

2 3 2 3 2 3 2
2

2 9 3
4

r rd de e
r dr rdr

− −⎛ ⎞ ⎛ ⎞∇ = + = −⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

re−   

 Therefore 2 3 2 3 2

2

3 9 3 9
4 4

6 9
4

r rz 6f e z e f f
r r

f f f
r

− −⎛ ⎞∇ = − + − = −⎜ ⎟
⎝ ⎠

∇ + =

r
 

 
 

32. If rf xye−=  show that 2 6 .ff f
r

∇ + =  

 

 We have  
2 2

2 2

2 2

2 2

2 2

2 2

, 2

, 2

r r r

r r r

r

f fye xy e y e xy e
x x xx x

f fxe xy e x e xy e
y y yy y

f xy e
z z

− − −

− − −

−

⎛ ⎞∂ ∂ ∂ ∂ ∂⎛ ⎞ ⎛ ⎞= + = + ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠

⎛ ⎞⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ∂ ∂
= + = + ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ ∂ ∂∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠

∂ ∂
=

∂ ∂

r

r

−

−

 

 Now  
2

2
2

2 2, ,  and  1r r r r r rx y de e e e e e
x r y r r r rdr

re− − − − − −⎛ ⎞∂ ∂ ∂ ⎛ ⎞= − = − ∇ = + = −⎜ ⎟ ⎜ ⎟
∂ ∂ ∂ ⎝⎝ ⎠

−

⎠
 

 Therefore 
2 2 2

2 2
2 2 2

4

6 61 1

r r

r

f f ff xye xy e
rx y z

xye f
r r

− −

−

∂ ∂ ∂
∇ = + + = − + ∇

∂ ∂ ∂

⎛ ⎞ ⎛ ⎞= − = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 and   2 6f f f
r

∇ + =  
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33. Show that ( ) ,
aref r
r

=  where a is an arbitrary number, satisfies 2 2f a f∇ = . 

 

 We have  
2 2

2 2 2 3
1 2,

ar ar
ar ard e a d e a ae e

dr r r r rr dr r r
2⎡ ⎤⎛ ⎞ ⎛ ⎞⎡ ⎤

= − = − +⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥⎜ ⎟ ⎜ ⎟⎣ ⎦ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎣ ⎦
 

 Therefore 
2

2 2
2

2ar ar re d d e ea
r r dr rdr r

−⎛ ⎞ ⎛ ⎞
∇ = + =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

 or   2 2f a f∇ =  

 
 
Show that the following functions satisfy the Laplace equation: 

 

34. 3 2( , , ) 2 3 ( )2f x y z x x y z= − +  

 We have  
2 2

2 212 , 6
2

2
f f fx x

x y x
∂ ∂

= = − =
∂ ∂

∂
∂

  

 Therefore  2 0f∇ =

 

35. 2 2
cos 2( , , )

sin
f r

r
φθ φ
θ

=  

 Let   2 2
1 1( , , ) cos 2 ( ) ( ) ( )

sin
f r R r

r
θ φ φ Θ

θ
= × × = × ×θ Φ φ  

 We have  2
2 2 2

1 1 2: d dRR r
dr drr r r

⎛ ⎞= =⎜ ⎟
⎝ ⎠

R  

    
2

2 2
1 1 2(1 cos ): sin

sinsin sin
d d

d d
Θ θΘ θ =

θ θ θθ θ
+⎛ ⎞= ⎜ ⎟

⎝ ⎠
Θ  

    
2

2cos 2 : 4cos 2 4d
d
ΦΦ φ φ
φ

= = − Φ= −  

 Therefore 
2

2 2
2 2 2 2

2

2 2 2 2 2

2 2
2 2 2 2

1 1 1 sin
sin sin

2 2(1 cos ) 4 ( ) ) ( )
sin sin

4 42sin 2 2cos 4 2 2 4 0
sin sin

d dR d d R df r R
dr dr d dr r r

R r
r r r

f f
r r

Θ ΘΘΦ θ Φ
θ θ θ θ φ

θ Θ( θ Φ φ
θ θ

θ θ
θ θ

⎡ ⎤⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞∇ = + + ⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎡ ⎤+
= + −⎢ ⎥
⎢ ⎥⎣ ⎦

⎡ ⎤ ⎡ ⎤= + + − = + − =⎣ ⎦⎣ ⎦

2d
Φ  
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36.  ( , , ) sin cos ,  1, 2,3,n nf r r n nθ φ θ φ= = …

 Let   ( , , ) sin cos ( ) ( ) ( )n nf r r n R rθ φ θ φ Θ θ= × × = × ×Φ φ  

 We have  2 2
2 2

1 (: ( 1)n nd dR n nR r r n n r R
dr drr r

− +⎛ ⎞= = +⎜ ⎟
⎝ ⎠

1)
=  

    
2 2

2
1 cosin : sin

sin sin
n d d n n

d d
Θ θsΘ θ θ =

θ θ θ θ
Θ

⎡ ⎤⎛ ⎞= −⎢ ⎥⎜ ⎟
⎝ ⎠ ⎢ ⎥⎣ ⎦

 

    
2

2
2cos : ( )dn n

d
ΦΦ φ Φ
φ

= = − φ  

 Therefore 
2

2 2
2 2 2 2

2 2 2

2 2 2

2 2 2 2 2
2

2 2 2

1 1 1 sin
sin sin

1 cos( 1)
sin sin

1 cos (sin cos ) 0
sin sin

d dR d d R df r R
dr dr d dr r r

n nn n n R
r

n nn n n f
r

Θ ΘΘΦ θ Φ
θ θ θ θ φ

θ ΘΦ
θ θ

θ θ θ
θ θ

⎡ ⎤⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞∇ = + + ⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦ ⎣ ⎦

⎡ ⎤
= + + − −⎢ ⎥

⎢ ⎥⎣ ⎦

⎡ ⎤+
= + + − − =⎢ ⎥

⎢ ⎥⎣ ⎦

2d
Φ  

 
 
37. The d’Alembertian operator is 

  
2 2 2

2
2 2 2 2

1 2

2x y z c t
∂ ∂ ∂ ∂

= + + −
∂ ∂ ∂ ∂

 

 where x, y, z are coordinates, t is the time, and c is the speed of light. Show that if the function 

 ( , , )f x y z  satisfies Laplace’s equation then the function ( , , , ) ( , , ) ikctg x y z t f x y z e=  satisfies the 

 equation 2 2 .g k g=  

 

 We have  
2

2 2
2 2

2
2

2 2

2 2
2

1( , , , ) ( , , )

1

10 ( )

ikct

ikct ikct

ikct ikct

g x y z t f x y z e
c t

f e f e
c t

f ikc e k f e
c

⎡ ⎤∂
= ∇ −⎢ ⎥

∂⎣ ⎦

⎡ ⎤∂⎡ ⎤= ∇ − ⎢ ⎥⎣ ⎦ ∂⎣ ⎦

= − =

 

 Therefore 2 2 .g k g=  
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Section 10.6 

 
38. What are the parametric equations of a left-handed helix in  

 (i) cartesian coordinates, (ii) cylindrical polar coordinates? 

 
 (i) As in Example 10.13 but with : y y→ −

   cos , sin ,x a t y a t z b= = − t=

bt

 

 (ii)  , ,a t zρ φ= = − =  

 
 
39. Integrate the function 2 3f y z=  over the cylindrical region of radius a, between  and , 0z = 1z =

and  symmetric about the z-axis. 

 
 In cylindrical coordinates, 2 2( , , ) sin 3f z zρ φ ρ θ= . Then 

   
1 2π

2 2 3

V 0 0 0

1 2π 4
3 2 3

0 0 0

4

( ) ( sin )

1sin π
4 4

π
16

a

z

a

z

f z d z d d dz

az dz d d

a

φ ρ

φ ρ

ρ φ ρ φ ρ ρ φ

φ φ ρ ρ

= = =

= = =

, , =

= × × = × ×

=

∫ ∫ ∫ ∫
∫ ∫ ∫

v  

 
 

Use confocal elliptic coordinates, A B A B ,
r r r r

R R
ξ η

+ −
= , = , φ  to integrate over all space: 

 

40. 
A B( )

A

r re
r

− +

 

 We have  A B A, (
2
Rr r R rξ ξ+ = = + ),η  

Then  
A B 2π 1( ) 3

2 2

0 1 1A

2π 12

0 1 1

1 12

1 1 1 1

( )
8 ( ) 2

( )
4

π
2

r r R

R

R R

e R ed d d d
r R

R d e d d

R d e d d e d

ξ

φ η ξ

ξ

η ξ

ξ ξ

ξ η ξ η φ
ξ η

φ ξ η ξ η

η ξ ξ η η ξ

+ ∞− + −

= =− =

+ ∞
−

=− =

+ ∞ + ∞
− −

− −

⎛ ⎞
−⎜ ⎟⎜ ⎟+⎝ ⎠

= −

⎧ ⎫⎪ ⎪= −⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫ ∫

v =   

Now   
1 1

1 1
2, 0d dη η η

+ +

− −
= =∫ ∫
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Therefore, by parts, 

   

A B( )
2

1A

2

11

2

1 1

2
2

π

1 1π

1 1 1π

1 1π

π( 1)

r r
R

R R

R R

R R

R

e d R e d
r

R e e d
R R

R e e
R R R

R e e
R R

R e

ξ

ξ ξ

ξ ξ

ξ ξ

ξ ξ

ξ

∞− +
−

∞ ∞
− −

∞ ∞
− −

− −

−

=

⎧ ⎫⎡ ⎤⎪ ⎪= − +⎨ ⎬⎢ ⎥
⎣ ⎦⎪ ⎪⎩ ⎭

⎧ ⎫⎡ ⎤ ⎡ ⎤⎪ ⎪= − + −⎨ ⎬⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦⎪ ⎪⎩ ⎭

⎧ ⎫= +⎨ ⎬
⎩ ⎭

= +

∫ ∫

∫

v

 

 

41. 
A B( )

2

B
cos

r re
r

φ
− +

 

 We have  A B B, (
2
Rr r R rξ ξ+ = = − ),η  

Then  
A B 2π 1( ) 3

2 2 2

0 1 1B

2π 12
2

0 1 1

2π 1 12
2

0 1 1 1 1

cos ( ) cos
8 ( ) 2

cos ( )
4

cos
4

r r R

R

R R

e R ed d
r R

R d e d d

R d d e d d e d

ξ

φ η ξ

ξ

η ξ

ξ ξ

φ ξ η
ξ η

φ φ ξ η ξ η

2 d dφ ξ η φ

φ φ η ξ ξ η η

+ ∞− + −

= =− =

+ ∞
−

=− =

+ ∞ + ∞
− −

− −

⎛ ⎞
−⎜ ⎟⎜ ⎟−⎝ ⎠

= +

ξ
⎧ ⎫⎪ ⎪= +⎨ ⎬
⎪ ⎪⎩ ⎭

∫ ∫ ∫ ∫

∫ ∫ ∫

∫ ∫ ∫ ∫ ∫

v =   

Now   
2π 1 1

2

0 1 1
cos π, 2,d d dφ φ η η η

+ +

− −
= = =∫ ∫ ∫ 0

Therefore, as in Exercise 40, 

    
A B( ) 2

2

1B

πcos
2

π ( 1)
2

r r
R

R

e Rd e
r

R e

ξ dφ ξ ξ
∞− +

−

−

=

= +

∫ ∫v  


