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Solutions for Chapter 9

Section 9.1

1. Find the value of the function f(x,Yy)=2x>+3xy—Yy? +2x-3y+4 for
) xy)=©1n (i) (xy)=(20 (i) (xy)=@3,2)

(i) f(0,1)=0+0-1+0-3+4=0
(i) f(2,00=8+0-0+4-0+4=16

(iii) £(3,2)=18+18—-4+6-6+4=36

2. Find the value of f(r, 8, #) =r?sin® Ocos’ g+2cos’> 6—r’sin20sing for

(i) (r,0,¢)=(,=n/2,0) (ii) (r,0,¢)=(2,n/4,7/6) (iii) (r,0,4)=(0,n, n/3).

(i) (1, 7m/2,0)=1xsin? 1/2xcos® 0+2cos® 1/2 —1xsinmxsin 0
=1+0-0=1

(ii) (2, n/4,n/6)=2%xsin’ n/4x cos’ n/6 +2cos m/4—2° xsinm/2xsin /6

:4><l><é+2xl—8><1xl:—E
2 4 2 2 2
(iii) (0,7 1/3)=0+2cos’>n—0=2
Section 9.3
Find Q and @ for
OX oy
3. z=2x*-y%: @:4)(’ g:—Zy
OX oy
4. z=x*+2y* -3x+2y+3: Q:2X—3, g:4y+2
OX oy

oz oz
5. 7=, a—=2e2X+3y =27, —=3e"¥=3;
X

6. z=sin(x*-y*): g:2Xcos(x2—y2), @:—2ycos(x2—y2)
OX oy
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Solutions for Chapter 9

7. z=¢€" cos Xy : By the product rule,

o _ X xicos Xy +i(ex2 ) X COS Xy
ox ox ox
=& x(~ysinxy) + (2xe* ) xcosxy
=[2xcos xy - ysinxy | e*
52 XZ a XZ 1
— =€ X—COSXy =—Xe" sinXy
oy oy

Find all the nonzero partial derivatives of

8. z=x*-3xy+4xy’:

First derivatives: a2 =2X—6xy +4y?, s =-3x° +8xy
OX oy

2 2 2 2
Second : E:2—6 , ﬁz—6x+8y:£, oz _
ox? Oyox oxoy  oy?
3 3 3
Third: 0 22 =—6= 0z = 822
Oyox OXOYyOX  ox“oy
Pz _o_ 0z _ o7
oy’ ox oyoxay  oxoy?

9. u=3x+y>+2xy°:

Uy =6X+2y°, U, =2y+6xy’

yyx yxy = Sy
Uy =12X
Uyyyy =12 =Upy = Uyyy = Uy

Find all the first and second partial derivatives of

10. z=2x*y+cos(X+Y):

% =4xy —sin(X + y), %z 2x* —sin(x + ),
622 822 622 822
67=4y_cos(x+y), aXay=4x—cos(x+y)=ﬁ, ¥=—COS(X+ y)
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Solutions for Chapter 9 4

11. z =sin(x+ y)e* Y : By the product rule,

% = [sin(x+ y)+cos(X+ y)] e Y
X
oz . X-y
o [ cos(x+y)—sin(x+Y) Je
oz ., 0%z i
—— =2cos(X+Yy)e*Y, — =-2cos(x+ y)e*?
v (X+Y) Y (X+Y)
2 2
oz _ —2sin(x+y)e*Y _oz
oxoy Oyox

Show that f,, = f,, for

12. f=x>-3x*y+y°:

f =3x>-6xy, f, =—6x
T e
f, =-3x"+3y", f, =-6x

13. f = x? cos(y—X) : By the product rule,

f, =X sin(y —x)+2xcos(y—x), f,, =" cos(y—X)—2xsin(y—x) _—
—> =
f, =—x*sin(y - x), f,y = X? cos(y —X)— 2xsin(y - X) v

14. f = zxy - By the quotient rule,
X“+y

_CHy)(y)-0vE0) _ y =Xy

f -
(x> +y?)? (X +y?)?

X

- OZ+yH)(X)-02Y) X —xy?

f —
(X +y?)? (X7 +y?)?

y

f O Hy)Ix@y? X)) - (Y Xy x @y 4y Pyt -6xy?)
yX (X2 +y2)4 (X2 +y2)3

_ P4y X3 -y - (¢ - xy)x (00 +y?) (P yt-6xPy?)

f
x* +yH?* x* +y*’

Xy

Therefore ~ f,, = f,,
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Solutions for Chapter 9

Show that nyZ = fyZX = fZXy for
15. f =cos(x+2y+32):
fy = —sin(x+2y +32), fx ==3cos(x+2y+3z), f,, =6sin(x+2y+32)

fy =-2sin(x+2y+32),

fy =—2cos(x+2y+32),

fy =6sin(x+2y+32)

f, =-3sin(x+2y+3z), f, =-6cos(x+2y+3z), f,,=6sin(x+2y+32)
Therefore  f,, = f,,, = f,,
16. f =xye”
f, = ye”, f, =y%e”, frp =2y +y’2)e”
f,=(x+xyz)e”,  f,, =(1+yz2e”, foy =2y +y’2)e”
f, = xy’e¥, f, =Qxy+xy’2)e”,  f,, =@Qy+y’z)e”
Therefore ~ f,, = f,,, = f,,
17. I r= (x> +y* +2%)"? find or or o
ox oy oz

Let u=x>+y>+2z% r=u"?.
Then ﬂzﬂxa—uzlu_l/zx2X:l
X ou ox 2 r
Simularly, L-Y o_Z
r oz r

. ¢ 1 0%
18. If ¢ = f(x—ct)+g(x+ct), where C is a constant, show that —>=——-.
oX c” ot
Let Uu=x+ct, v=x-ct
2 2 2
Then ¢:f(u)+g(v)’ %:ia_u 6_9@:&4_6_9, a_¢:ﬂ+a_g
OX Oudx dvdx ou v x> our ot
o _da dgov_ o o9 9o o
ot oeuét ovat  Au v at? ou? ov?
2 2
g _10¢
Therefore —=——
x> ¢? ot?
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19. If xyz+ x> +y*+2%> =0, find (?j )
X

z

We have (%)Z [xyz +xCy 4 zz] - [yz + xz(%u +[2x]+{2y(%}j -0

+(2X+y2)=0 —> (Qj __2x+yz
z

Therefore  (2y+xz) (ﬂj
OX 2y + Xz

z

20. For the van der Waals equation

n‘a
(p+v—2 (V —=nb)-nRT =0

. (O . [ OV ... [ Op . op
Find (i) (Ej p’n, (i) (%]T’n, (iii) [Ej\,’n’ (iv) [WJT,n.

) 0 n’a
(|) Wehave (a—ij,n{[p+v—2](\/—nb)—nRT}
[ 2n’a n%a )|/ oV
- [ v ](V‘”b“(p*v—zﬂ(ﬁjp,n‘”R

[ 2 3
_| p_na, 2n7ab (ﬂ) _nR=0
v:oov? [at g

2 3
Therefore [ﬁj =nR /| p _ha., 2n”ab
or p.n V2 V3

(ii) LS—p]T’n{p+%J(V —nb) - nRT}
= 1_2n2a(6_vj (V —nb)+ p+ﬁ (a—vj
(AN AN

2 3
Vb p—ﬁ+2n ab}[avj o
T,n

v:oov? |lep

2 3
Therefore [ﬁ] =—NV-nb) /| p _Lza + 2n fb
op T.n V \%
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d n‘a
(iii) (a—TjV)n{{p+V—2J(V —nb)—nRT}

p
=V —nb) — -nR=0
vl )

Therefore [a—pj = nR
T N n

(iv)

VY
Q
2|>
N
—
>
—
VR
o
+
|3

’ J(\/ —nb)—nRT}

op 2n’a n‘a
I . —nb nmal_y
[(avjm A }(V " )+(p+v2J

_2n’a_ (p+nfa/V?)
& V —nb

Therefore (6_pj
N T,n

Section 9.4

Find the stationary points of the following functions:

21, f(x, y)=3-x*—xy—-y*+2y
For a stationary value, ﬂ =-2x-y=0 and i =-X-2y+2=0
oX oy

Therefore X=-2/3,y=4/3
and the single stationary point lies at

(%, y)=(=2/3,4/3)

22. (X, y)=x"+y? —3x—4y+2

S

For the stationary values, — =3x*>-3=0 — x==I

=2y-4=0 > y=2

2R

There are two stationary points, at

(x,y)=(1,2) and (~1,2)
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23. 4x° 3%’y +y> -9y
For the stationary values,

Z—f=12x2—6xy=0 — 6X2X—-y)=0 — x=0 or x=y/2
X

of X=0 —3y2-9=0 > y=+3
and —=3x*+3y*-9=0; 9,
oy x=y/2 >y -9=0 > y=+2

There are four stationary points, at

(X, V) =(0,3), (0,—/3), (1,2), and (~1,-2)

Determine the nature of of the stationary points of the functions in Exercises 21 — 23:

24. 3—x>—xy—-y?+2y (Exercise 21)

We have fy=-2x-y, f, =—x-2y+2
fix =—2 <0
foy=-2<0p > fof,—f,>=3>0
fy =—1
The stationary point is therefore a maximum.
25. x> +y?—3x—4y+2 (Exercise 22)
We have f,=3x-3, f, =2y-4
fo =06%, f, =2, f,, =0
Therefore =002 - f,=6>0, f, =2>0, f, f, - ny2 =12>0
a minimum

(% y)=(-12) > f,=-6<0, f, =2>0, f, f —f>=-12<0

a saddle point
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26. 4x° —3x’y+ Yy’ -9y (Exercise 23)

We have f, =12x* —6xy, f, =-3x*+3y*-9

f =24X-0y, fyy =0Y, fxy =—6X

Then
X y fr fuy fy focfyy = Fy” type
0 NE) —6J3 <0 63 <0 0 -108<0 saddle point
0 -3 63>0 —6J3<0 0 -108<0 saddle point
1 2 12>0 12>0 -6 108>0 minimum
-1 -2 -12<0 -12<0 6 108>0 maximum

27. Find the stationary value of the function f = 2x% +3y* +62° subject to the constraint
X+y+z=1,
(i) by using the constraint to eliminate z from the function, (ii) by the method of Lagrange

multipliers.

(i) Wehave z=1-x—y. Then

f(x,y,2)=2x*+3y* +62°

> F(x, y)=2x>+3y? +6(1-x—Y)*
=8x2 +9y* —12x—12y +12xy +6

Then , for a stationary value,

ﬁ:16x—12+12y:0
X —>x—l y—l and z—l—x—y—l
K o 18y—12+12x=0 23 6
oy

The function, a quadratic form in X, y and z, has the single stationary value f(X, Yy, z)=1 at

(X, Y, 2)=(1/2, 1/3, 1/6). This is a minimum value. Thus
fo =16>0, f,, =18>0, f, =12,

focfyy = fry” >0
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Solutions for Chapter 9 10

(ii) Let ¢=02x> +3y* +622) - A(X+y+7)

Then %:4X—/1=0
OoX

0
—¢=6y—/1=0 —>z:§,y=%, andx+y+z:1—>x:l
oy 3 3 2

%:122—/1=0
0z

and (x,Y,2)=(1/2, 1/3, 1/6) , as in (i).

28. Find the maximum value of the function f = x*y?z? subject to the constraint x* + y? +z? =c?,

(i) by using the constraint to eliminate zZ from the function, (ii) by the method of Lagrange

multipliers.

Let u=X2,v=y2,w:ZZ, and a=c?.
Then f =wvw subjectto u+v+w=a.
(i) Wehave w=a—u—wv. Then
f =uv(@a-u—v)=auv—u’v—uv’

and , for a stationary value,

i:av—2uv—v2 =0, ﬂzau—uz —2uv=0
ou ov

The possible solutions are

(u,v)=(0,0), (0,a), (a,0) - f =0, the minimum
and (u,v)=(a/3,8/3) > w=a/3 > f=a/27.

Therefore f=c° /27 at x> = y* = 7%, the (local) maximum.

(i) Let ¢=uvw—A(u+v+w).
Then a—¢=Uw—/1=0
u
%zuw—/izo
v
%:uv—ﬂzo
ow

with nonzero solution u=v=w =a/3, as in (i).
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29. (i) Find the stationary points of the function f =(x—1)> +(y—2)* +(z—-2)* subject to the
constraint x* +y* + 2% =1 (ii) Show that these lie at the shortest and longest distances of the point

(1, 2, 2) from the surface of the sphere X+yiezi=1.

(i) By the method of Lagrange multipliers, let
$=(x=1"+(y=2)> +(2-2)" —AX* +y* +7°)
For a stationary value,

%:Z(X—l)—z/ix:o - x(1-2)=1
OX

o¢
EzZ(y—Z)—My:O - y1-4)=2; > y=2=2X
99

z

~, =22-2)-222=0 > 2(1-2)=2

Therefore
X +yr 4zt =9x* =1 > x==%1/3.
There are therefore two stationary points:
(X, y,2)=(1/3, 2/3, 2/3) > f=(01/3-12+(2/3-2)* +(2/3-2)* =4
(X ¥, 2)=(=1/3, =2/3, =2/3) — f=(=1/3-1)*+(=2/3-2)> +(-2/3-2)* =16
(if) Geometrically, the quantity
f=(x-D*+(y-2)*+(z-2)*
is the distance of point (1, 2, 2) from a point (X, y, z) on the surface of sphere x> +y” +2z° =1
with radius r =1 and centre at (0, 0, 0) . The stationary points are then the maximum and

minimum values of this distance. As illustrated in Figure 1, the line defined by y =z =2x

passes through the four points (—1/3, =2/3, =2/3), (0,0, 0), (1/3, 2/3, 2/3), and (1, 2, 2).
(1,2,2)

Figure 1

(1/3,2/3,2/3)

(-1/3,-2/3,—-2/3)
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30. (i) Show that the problem of finding the stationary values of the function
E(X, Y, 2)=a(x* + y* + 2%) + 2b(xy + yz)

subject to the constraint x> + y* +z° =1 (a and b are constants) is equivalent to solving the
secular equations
(a-A)x+ by =0
bx +@-A)y+ bz =0
by +(@-14)z=0
These equations have solutions for three possible values of the Lagrangian multiplier:
A=a, 4 =a++/2b, A =a—+/2b
(if) Find the stationary point corresponding to each value of A (assume X is positive). (iii) Show
that the three stationary values of E are identical to the corresponding values of A. (This is the

Hiickel problem for the allyl radical, CH,CHCH,; see also Example 17.9).

(i) By the method of Lagrange multipliers, let
p=EX Y, 2)- A +y* +2%)
=(@-A)(X> +y* +2°)+2b(xy + yz)
For stationary values

%:2(a—/1)x+2by:0, %:2(a—/1)y+2bx+2bz=0, %zz(a—l)z+2by:0
OX oy oz

and the secular equations are

(a-A)x+ by =0
bx +@-A)y+ bz =0
by +(@-14)z=0

(ii) For A =a, 0+hby+0=0
bx+ 0 +bz=0; —> y=0,z=-X
0+by+0=0

Then, given that x> + y* +z* =1, the corresponding stationary point is

ForA=a++2b,  —/2bx+ by + 0 =0
bx —~2by+ bz =0} — yzﬁx, Z=X
0 + by —J2bz=0

1 1
d XY, 2)=|—, s A |
. vl )
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Similarly for 1 =a—~/2b,

srir{bg )

13

(iii) We have E=a(x’ +y? +z%) + 2b(xy + yz) = a+ 2b(xy + yz)
For A=a, E=a+2b(0+0)=a
1 1
For A=a++2b, E=a+2b|+——+—|=a+-2b
[ 22 2&]
Section 9.5
Find the total differential df :
31, f(x,y)=x>+y*: i:2x, i:2y — df =2xdx+2ydy
OX oy

32. f(x,y)=3x*+sin(x—y):

33 f(x,y)=xy?*+Iny:

34, f(xy,2)= :

Z—;: 6X+cos(X—Y), %: —cos(X—Y)

— df = [6X+cos(x— y)] dx —cos(x—y)dy

of 5 o Of 3.0 1
—=3X"y°, —=2X"y+—
OX y oy y y

— df =3x%y? dx+{2x3y+l}dy
y

X +y2 122
Let u=x>+y*+2% f=——01\
y e
of of u_ —x X

Then, for example,

and

35. f(r,0,¢)=rsinfsing:

© E Steiner 2008
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36. Write down the total differential of the volume of a two-component system in terms of changes in

temperature T, pressure p, and amounts n, and ng of the components A and B. Use the full

notation with subscripts for constant variables.

Wo2) w2 @) o] on
al pP,Ny,Ng ap T,n,,Ng anA T,p,Ng anB T,p,ny

Section 9.6

37. Given z = x> +2xy+3y?, where x=(1+1)"? and y:(l—t)l/z,ﬁnd%

by (i) substitution, (ii) the chain rule (9.21).

(i) 7=x2+2xy+3y> > z =(1+t)+2(1+H)2A-t)2 +3(1-1)

=4-2t+2(1-t*)"?

dz 2t
Then EZ—Z—W
2 2
L, =)y x
Xy Xy
.. dz 62 dx az 1 1
1 —X— =(2X+2 +(2X+6 -
(i) dt 6x dt ay d =( y)x( xj ( y)X[ ZyJ

243X asin)
Xy

38. Given u=¢e*"Y, where X =2cost and y =3t use the chain rule to find Z—: .

SR

=—(2sint +3)e2cost=3
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39. Given U=In(Xx+Yy+2),where x=acost, y=Dbsint, and z=ct, find d_u

du ou _dx ou_dy ou dz 1

G ox dt oy dt oz dt x+y+z

(—asint+bcost+¢)

_ —asint+bcost+c¢
acost+Dbsint+ct

40. Given z=In(2x+3y), X=acos#, y =asin@d, use the chain rule to find % .

dz o0z _dx o0z _dy 2

40 ox do oy do 2x+3y

_ 3cosf-2sin6
2cos@+3sinf

x (—asin 8) + 3 x(acosé)
2x+3y

41. Given f =sin(u+wv), where v=cosu, (i) find j—f ,(ii)ifu=e™, find ar .
u

() %=%+2—2X%=Cos(u+v)+cos(u+v)><(—sinu)

= [l—sin chos(u—i—v) = [1 —sinu]cos(u +cosU)

(i) Wehave 90U __et__y
dx
Therefore ﬂ = ﬂd_u =-Uu [1 —sin u}cos(u +cosU)
dt du dt

42.IfZ=X5y—ﬁny,ﬁnd(§X).
X )5

We have [gj =5x1y, a =x’—cosy
OX y ¥ Jy

4
Therefore (ﬂj :_(ézj [azj =5_5#
ox ), )y \0Y )y X —cosy
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43. For the van der Waals gas, use the expressions for (Z—Vj and (g—vJ from Exercise 20
p,n T.n

p
to find [a—pj
or V.n

2 3 5 ,
weme (2] omf[p-T2a 2] (2] e f[p- Ve )
8T p,n V V ap T)n V V
Therefore (@J :_(8\/) (GVJ
Mhn T pn /) L),
n*a 2n’ab n*a 2n’ab
=—|:I’IR/[p—V2+ V3 —(V—nb) p_VT'i‘ V3

nR
V —nb

44. 1f z=x*>+y?* and u=xy, find (%} by (i) substitution, (ii) equation (9.30).
Y u

(i) We have x:ﬂ N Z=u—2+y2
y y
2 5 .
Therefore [@j :_2L+2y:_2x 2y:2(y -X)
3
ay u y y

.. oz oz OX u X
We h R Zox, | Z| =2y, &) oM X
(i) We have (@()y X, [éij y (ayju . y

oz oz oz OX
Therefore [EJU = [ij + (&j (51]
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45. Given z = xsiny and u = x> +2xy +3y?, find [%} .
u

oz . 0z OX ou ou 2X+6Yy
We h —| = , | = | =xcosy, | —| =—| — (j -
ctwe (5] s (5] e (5] 5] 5,5
oz oz oz OX
Therefore (aju:(gjx+(&j EJU

y

— Xcos _(x+3y) .
= y sy
X+Yy

46. If U =U(V,T) and p=p(V,T) are functions of Vand T and if H =U + pV , show that

5 AL AR5,

e have (8HJ :[GUJ +p[6VJ
oT P oT p oT P
and, by equation (9.30),

), AR,
o (), () ) A,
(@, & Al
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47. Givenx=au+bv and y =bu—av, where a and b are constants, (i) if f is a function of X and y,

express (ﬂ] and (ﬁj in terms of (ﬂJ and ﬂ , (i) if f=x2+y2,ﬁnd(i)
ou ), ov)y OX y Y )y ou/,

and (ij in terms of U and v .
ov )y

(i) We have (i) =(ﬂj (%j +(ﬁj (Qj
ou), \oxJylauj, \dy)\aou)j,
Then (i] :a(@ +b(ﬂj
ou /, x)y )y

(ii) If f =x>+y? then (ij =2X, a =2y
OX y X

Therefore (?j = 2ax + 2by = 2a(au +bv) + 2b(bu — av)

Uy

=2(a’+b*)u

Similarly, (?j =2(a’ +b*)v
v u
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48. Given U=x"+y" and v=Xx"—y", where n is a constant,

(i) show that (%j (a—uj :l:[ﬂ) (@j i
6uvaxy 2 avuéyx

(ii) If f is a function of X and y, express (ﬂ) and [ﬂj in terms of (ﬂ] and (ﬂj .
ox )y X ou /, ov )y

Hence, (iii) if f =u?—v? , find (?j and [ij in terms of X and y.
X
y X

(i) We have (8_uj =nx"", [@J =—ny"!
X y oy X

Also X" =l(u+v) - (a—j X" :nx”‘l(%) _1
2 ou/, ou), 2

n 1 0 n n-1 ayj 1
=—(u— - =n | =—=
y 2(u v) > (avjuy y (81} U 2

Therefore (a—uj (Qj :l
oX y ou), 2

o @GO

=nx"! (ij +
[\au )/,

Similarly, a =ny"! (ﬂj - ﬂj
Y )y |\ouj, \ov)y |
(iii) Wehave  f=u’-0v* — ﬁ:m, X _ o
ou ov

Therefore (ij =nx"! (i) +(ij =nx""! [2u—2v]:4nx”’1y”
oxJy ou), \ov),

of _ ayn-l i _ ﬂ — -1 _ n,,n-1
(EJX_W Kaul) (avju} ny [2u+2@} 4nx"y
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49. If x=au+bv, y=bu—av, and f is a function of X and y (see Exercise 45(i)), show that

o*f o f 0% f az azf o f o*f
()—+—2=<a2+b2) ; (i) el EICHEE S
ov X udv ox- oy oxoy

From Exercise 47,
of of of of of of
ou/, 8xy ayx ov ), 8xy 8yx

(i) Wehwve O i(ﬁ) _ i(aﬂ+ bﬁ]

au> aulau) aul ox oy
:i ai+bi X%_Fi aﬂ+bﬂ Xﬂ
ox\ ox oy) ou oy\ ox oy) ou

2 2 2 2
P O T SN A T o
ox> OXoy Oyox oy?

azf_bzazf i azf+a262f

Similarly, = —ab —ba
Y x> ooy oyox oyl
2 2 2 2
Therefore 0 I +g ( bz) 0 I +8 I
ou ov ox~ oy

2
(if) We have ﬂ:i(ﬂj:i b(ﬂj —a of
oudv oul\odv) ou OX y oy X
_Ofpdt ot ox, Ofpot o) oy
ox\ oOx oy ) ou oy\ ox oy ) ou
2 2 2 2
o f a28f+b28f b@f

ox? oxoy dyox oy?

2 2 2
Therefore ot =ab of_of +(b?
ouov ox2 ay

=ha

6y6x
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Show that the following functions of position in a plane satisfy Laplace’s equation:

50. f(x,y)=x>-10x’y* +5xy*

2
T 5y -30x%y? +5y*, I o —60xy>
X o

2
A o0 y+20xy>, g =-20x%> + 60xy>
oy oy

2 2
Therefore Vi = aa—: + (;y—z =0
X

51. f(r,0)= (Ar +E)sin6’
r

2 2
We have V2:6—+li+ia—
or* ror r’ oo’

2 2
i=[A—E)sin6’, ﬂzésiné’, ﬂz—[Ar +Ejsin6’
or r ar o0 r

2 2
Therefore V2 f :ﬂ_;_li_,_iﬂ
or* ror o6

= (gsinﬁj—kl(A—%jsinH—%(Ar +Ejsin6’: 0
r r r r r

52. f(r,8)=r"cosnd, n=1,2,3,...

2

"Isinng, ‘Z—I =n(n-Dr"sinné,
r

of
—=nr
or

2

a_ —-nr"cosd, —— =-n’r"sind
00 06*

2 2
Therefore V> f :ﬁ+lﬂ+iﬂ
a2 ror r? e?

=n(n—-Dr"?sin@+nr"?sin@-n’r"*sind =0
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Section 9.7

Test for exactness:

53. Fdx+Gdy=(4x+3y)dx+(B3x+8y)dy

We have %:zl 2—G=3 — (4x+3y)dx+(3x+8y)dy is exact
X

54. Fdx+Gdy=(6x+5y+7)dx+(4x+10y+8)dy

%:5, Z—G=4 — (6X+5y+7)dx+(4x+10y+8)dy is not exact
X

55. Fdx+Gdy = ycosxdx+sinxdy

oF oG . .
— =c0sX, — =cosX — YycosXdx+sinxdy is exact
oy OX

56. Given the total differential dG = -SdT +V dp, show that S = —(ﬂj .
ap T oT D

The total differential of G =G(T, p) is

oT D op T
Therefore —S:(ﬁj , Vv :(@j
oT P P )t

{2 -(2)(Z) - o'

op)r \op)p\aT ), opoT’

5, B, T

oT ) \oT )\ op 7 dTap  opaT

oS (avj
and — | == =
op T oT p
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Section 9.8

57. Evaluate the line integral j [xydx + 2ydy] on the line y =2X from X=0 to X=2.
c

2

2
L[xydx+2ydy] = J‘O [sz +8x} dx = Bﬁ +4x2} :%

0

58. When the path of integration is given in parametric form X = X(t), y = y(t) from t=t, to t=tg,

the line integral can be evaluated as

j[FdXJery] I [F—+G }dt

Evaluate j

|:(X2 +2y)dx+(y? + X)dy} on the curve with parametric equations x =t , y =t*
C

from A(0,0) to B(1,1).

1
[(t2 +212)+ (t* +t)x 2t]dt

j [(x2 +2y)dx+(y? + x)dy} =I
C

0

1
1 6 3
:J‘[2t5+5t2Jdt: LR
o EEN

59. Evaluate j [xydx + 2ydy} on the curve y = x> from x=0 to X =2 (see Exercise 57).
C

2 2
J‘C[xydx+2ydy} = J‘O [x3 +4x3}dx = {%} =20

0

60. Evaluate the line integral j

[(X2 +2y)dx+(y* + X)dy} on the curve with parametric equations
c

x=t2, y =t from A(0,0) to B(1,1) (see Exercise 58).

1
j [(x2 +2y)dx+(y2 + x)dy] - j [(t“ +ot)x 2t + (1 +t2)Jdt
C

0
1

1 t6
=j [2t5+6t2]dt: Lo =L
0 3 3

0

~
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61. The total differential of entropy as a function of T and p is (Example 9.27)
ds = (ﬁj dT +[§] dp
oT D o )7
C
Given that, [ﬁj =P E and @ = —(ﬁj = —E for 1 mole of ideal gas, show that
oT T 2T op oT p
p T p
the (reversible) heat absorbed by the ideal gas round the closed path shown in Figure 2 is equal to

the work done by the gas; that is, §T ds :§ pdV (see Example 9.25).

We have
D
ds = (ﬁj dT +(§] dp
oT D P )7 Cs B
Pap--- <
5R R
:EdT _Edp Cay A2
0 S >
L. . Al C, |
The line integral round the closed path is the sum of ! : N
the lines integrals along the four sides: Y 4] e
§TdS=J. TdS+J TdS+J TdS+J TdS Figure 2
q c, C, C,

o .TZ
Then  C, (constant p=p,): TdS = (?de =§(T2 -T)
T]

> ® P,
C, (constant T =T,): TdS = [—ﬂde - RT,In 2

o C2 v p pl

ol ‘T]
C; (constant p=p,): TdS = [SRde :§(Tl -T,)

o e P
C, (constant T =T,): TdS = [—ﬂ]dp =-RT, nPL
Y

Therefore

§Td8=%— RT, 1n&+%— RT, In L = _R(T, -T,)In 2
Py %) P

and this is equal to the work C'ﬁ pdV done by (one mole of) the gas round the closed path, as

demonstrated in Example 9.25.
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62. (i) Show that Fdx+Gdy for F =9x*> +4y? +4xy and G =8xy+2x* +3y? is an exact

differential. (ii) By choosing an appropriate path, evaluate J [F dx + G dy] from (x,y)=(0,0)
C

to (1,2).
(iii) Show that the result in (ii) is consistent with the differential as the total differential of

2(X, y) = 3% +4xy? +2x°y + y°.

. oF oG
(1) [EJX—8y+4x_(gjy ”

(if) For the path shown in Figure 3,

Cy
I[Fdx+Gdy]=I Fdx+j Gdy > | -
C (o C, 0 C, 1
where Figure 3
1
. _ 2 —
C: . (F)y:() dx_j09x dx=3
1
2 2
C,: (G)y, dx:J. (8y+2+3y2)dy:[4y2+2y+ y3] =28
C, - 0 0
Therefore

I[F dx + G dy]=31
C

(iii) If 2(X, y) =3%° +4xy? +2x*y +y°

then (@J =9x? +4y? +4xy=F
OX y

(QJ =8xy+2x* +3y?* =G
)y

and dz=(gj dx + a2 dy = Fdx+Gdy
OX y oy X
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26

63. Evaluate I [2xy dx+ (% —y?) dy} on the circle with parametric equations X =cos @,
C

y =siné@,
(i) from A(l1,0) to B(0,1) and
(if) around a complete circle (6 =0 — 2x).

(iii) Confirm that the differential 2xy dx + (x> — y?) dy is exact.

We have X=cosf, dx=-sinfd@
y=sinf, dy=cosfdé

Then J‘ [2xy dx+ (x> — yz)dy] = [(2 cos @sin 6 x (—sin 8) + (cos’ & —sin® ) x cos HJdH
C

= [cos 26 cos @ —sin 2@ sin 9] do

= | cos360dO

The paths of integration are anticlockwise, as illustrated in Figure 4.

n/2
cos39dt9:{lsin39} =—=
3 0

/2

() 0=0->m/2: J

0

B

Y

2m 2n
(i) 6=0—>2n J. cos36’d9:[§sin3t9} =0
0 0

(iii) The zero result of integration round the closed loop in (ii) suggests that the differential is

exact. Thus,
if 2xy dx+ (x> —y?)dy = F dx+ G dy
then * =2X= )

oy OX
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Section 9.9

3 02
64. Evaluate the integral '[ '[ (x*y + xy?)dxdy and show that the result is independent of the order
0 J1

of integration.

3 p2 3[ p2 3 3 , 572
I I (x2y+xy2)dxdy=j I Oy + xy?)dx dy:j XY XY gy
0 1 0 1 0 3 2 |
3 3
7 3 2 7 2 1 3
=| |Zy+oy |dy=|—y +-y | =24
j0{3y+2y } g Ly ") L

Interchanging the order of integration,

* 2 3 2[ 2,2 373
I J (x2y+xy2)dydx:j J (x*y + xy?)dy dxzj XY 0 x
1 Jo 1 [ Jo 23,

2

2
:j 2% voxldx=|2+2x2 | =24
2 27 T2

and the integration is independent of order.

n R
65. Evaluate the integral j I e cos’ @ sind drdd
0 Jo

T R T R
J. J e’ cos29sin9drd9='[ COSZGSinedexj e "dr
0

0 0 0
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Section 9.10

Evaluate the integral and sketch the region of integration:

2 @2x P2 [ p2x
66. j I (x* + y*) dydx = j < +y%) dy} dx
0 X o X

o 3 2x
= Cy+L | dx
y 3

J0 | X
o2 3

_ 10x dx:@
Jo 3 3

The region of integration, shown in Figure 5, lies between X =0 and x =2 and, from the limits of

integration for y, between the lines y =X and y =2x.

a pvya’-x? a a?-x
67. J‘ J‘ xy? dydx:j X j y2 dy |dx
0 Jo o [Jo

Let u=a’—x%, du=-2xdx.

Then u=a? when X=0,and u=0 when X=a.

a pva’-x 1(° a’
Therefore I j xy? dydx = ——I u¥?du=>
0 Jo 6 15

a

Figure 6

The region of integration, shown in Figure 6, lies between x =0 and X =a , and between y =0

and y=+a’>-x*. Comparison with equation (9.59) shows that the integration is over that quarter

of the circle of radius a that lies in the first quadrant.
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68. (i) Show from a sketch of the region of integration that

2 p(2-y)2 1 p2-2x 0 p(x+4)2
j j x3dxdy:J- j x3dydx+J. I x> dydx,
0 J2y—4 0d0 —4do

(ii) evaluate the integral.

(i) Figure?7

T
1\

The region of integration lies between y =0 and y =2 and, from the limits of integration for X,
between the lines x=2y—4 and X =(2-Y)/2 . Interchange of the order of integration gives

Figure 7.

1 @2-2x 1 2-2x 1 1
(ii) J. I x3dydx:J. x° I dy dx=j X (2-2x)dx =—
00 0 0 0 10
0 @(x+4)/2 0 (x+4)/2 0
j j X3dydx:j XSU dy} dx=lj X2 (X +4) dx=—20
—4Jo -4

0 2 —4 10
2 p(2-y)/2 51
Therefore I I x® dxdy = —=—

0 o2y—4 2

Section 9.11

Transform to polar coordinates and evaluate:

1 o=
69. I J (x* + 2xy) dydx
040

Integration is that illustrated in Figure 6, with a=1.

1 pV1-x2 ol /2
Then J. j (x* + 2xy) dydx = j r? cos? 6+ 2r? cosHsin&J rdrd @
0do Jr=o Jo-0 -
ol o /2
=1 rPdrx |:c0520+2cosl9$in0]d0
JO J0
el -1‘[/2 1 1(n
=1 rPdrx —(14co0s26)+sin 26 dH:—(—+lj
Jo Jo L2 4\4
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70. Jm on e 207V (52 4 y2)3 dxdy
The integration is over the whole plane. Therefore

j I 200y (32 L y2)3 dxdy =I I e xrdrdo

r=0¢60=0

o0 T '

= e 2y’ er. d¢9:7—8'><2n:3157I
_ _ 2 8
r=0 6=0

71. on Jm e Y2 dxdy
0 0

The integration is over one quarter of the Xy—plane. Therefore

0 @w© © 2n
j J g (Y2 dxdy:lj j e r2cos’ Oxrdrdé
0 0 4 r=0¢ 6=0
1 o0

2 4 2n 5 1 1 T
=—J. e r drxJ. cos“0dl =—x—xm=—
4Jo 0 4 2 8
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