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Solutions for Chapter 8

Section 8.2

Express as a single complex number:

1. (2+3)+(4-5)=2+4)+(3-5)i=6-2i
2. (2430)+(2-3)=(2+2)+(3-3)i=4
3. (2+3i)—(2-3i)=(2-2)+(3+3)i =6i
4. (5+30)(3—i)=15-5i+9i-3i>
=15-5i1+9i+3
=18 +4i
5. (1-3i)? =1-6i+(3i)’> = -8 —6i
6. (1+2i)° =1+5(2i)+10(2i)* +10(2i)* +5(2i)° + (2i)°
=1+10i —40—80i + 80 +32i

=41-38i

7. (1-3)1+3i)=1-Gi)* =1+9=10

8. If z=3-2i, find

(i) z* and (i) zz" . (iii) Express the real and imaginary parts of z in terms of z and z*.

z=3-2i (i) z"=3+2i
(i) 2z =(3-20)3+2i)=3>+2%=13

(iii) Re(z)=%(z+ ) =3, Im(2) =%(z— ) =2

9. Find z such that zz" +4(z-2")=5+16i .

Let Z=X+iy

Then 75 +4(z2-7") = X + Y +A(X+ iy — X +iy)
=x* +y? +8yi

=5+16i when x> +y* =5 and 8y =16

Therefore x==1,y=2 and z=+1+2i
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Solutions for Chapter 8 3

Solve the equations:

10. 22-2z+4=0

By equation (2.20) for the solution of a quadratic equation,

+J4— ++/— +2+/—
222_\/;1 16:2_\2/ 12:2_22\/_3:1ii\5

11. 2°+8=0 - 2> =-8
One root is Z =-2 . Then, as in the discussion of the factorization of cubic functions in Section 2.5,
let 2 +8=(z+2)az’ +bz+c)>a=1b=-2,c=4

Therefore 2> +8=(z+2)(z> —22+4)=0 when z=-2 and 1%i\/3

Express as a single complex number:

- . 2 . .2 -

12 1;!: (1_—|) _ :1—2|+| :—_2|:_I
I+1  (1+1)d-10) 2 2

13, 1 5-3i _5-3i i_ii

5+3i (5430)(5-3i) 2549 34 34

3420 (342 _5412i 5 12,

14. - =
3-2i (3-2i)(3+2i)) 9+4 13 13

1 3-4i 1 (3-4i)® 5 7+24i 12 24.
15 —_ - =—— =—4 =—4—
5 3+41 5 9+16 25 25 25 25
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Section 8.3

(i) Plot as a point in the complex plane, (ii) find the modulus and argument, (iii) express in polar form

r(cos@+isin0):

Let z=X+1iy =r(cosf +isinf).

16. z=2i: x=0, y=2

(i) The point lies on the imaginary axis, at y =2 —>
Yy
- _ _ 2 2_
(i) r=[z[=yx"+y" =2, 2¢ z=2i
O=argz=m/2
/2
T .. T \
iii) z=2| cos—+isin— 2
() 22| cosT isin | 5
17. z=-3: x=-3, y=0
(i) The point lies on the real axis, at X = -3 -
Y
(i) r=|z|=3,
m
f=argz=n . x
—3 (0]
(iii)
18. z=1-i:x=1, y=-1
(i) The point lies in the fourth quadrant - y
(i) r=lz|=yx*+y* =2,
! x
0=argz=tan" (l] =tan"'(-1) = —n/4 O IN{—7/41
X l
I
I

(iii) z =2(cos(—n/4)+isin(—n/4)) I

z=1—1
=2 cosz—isinE
4 4

19. z=+3+i: x:\/g, y=1

(i) The point lies in the first quadrant —> ’
(i) r=|z|=V3+1=2, ] z2=1/3
O=argz=tan" L =7/6 :
g \/3 |
/6 L
o
(i) z=2| cos = +isin— el
6 6
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Solutions for Chapter 8

20. : x=—-6, y=6

(i) The point lies in the second quadrant —> y
(i) r=|z|=V6>+6> =62, z=-6+6i | 6
O=argz=tan"' (-1)+m (x<0) E
| 37['/4
=-—n/4+7 =3n/4 ! \
3 3 0 ©
(i) z = 6\/§[cosf+isin7n}

21. z=-2-+12i: x=-2, y=—/12=-23

(i) The point lies in the third quadrant - .
(i) r=|z|=v4+12=4, i /\4”/3
i 0
9:argz=tan71(\/§)+n (x<0) E
=n/3+7 =4n/3 i
|
|
(iii) 2:4{cos?+isin4—;} | .
—————— —V12
z2=-2—+12
22. z=1fi=-i: x=0, y=-1
Y
(i) The point lies in the imaginary axis at y =—1 -
3 /2
(i) r=|z|=1, 4N
o
0 =argz=3m/2 \\
(ii) 2 = cos > +isin -1y =i
2 2

T

Given z; and z,, express (i) z,2,, (ii) z;/z, , (iii) z,/7, as a single complex number for

23. 7, = 2(cosg+ i singj, Z, =3(cos§+ i singj

(i) zz,= (2x3)[cos(n/2+ n/3)+isin(m/2+ 7t/3):| by equation (8.19),
= 6[cos 5m/6+isin 5717/6:'

(i) 2,/2, =(2/3)[ cos(n/2—m/3)+isin(n/2-n/3)] by equation (8.22),
2 { T n}
=—|COS—+Ismn—
3076 6
(i) z,/z :(21/22 ) :%{cos%— isin %} by equation (8.24),
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3n . . 3 2 . . 2m
24. 7;=5|cos—+isin— |, Z,=cos— +1isin—
4 4 3 3

(i) zz,= (5x1)[cos(3n/4+2n/3)+isin(31r/4+21r/3)}

177 . . 17n
=5| cos—+Iisin—
12 12

(ii) 2/2, =5 cos(3n/4~2n/3) +isin (3n/4 - 2n/3) |
= 5{cos£+isinl}
12 12

1 T .. T
) z,/zZ, =—| cOS——1sin—
) 2,/2, =4 cos sin |

25. For Z:3(cosg+isingj find (i) z*, (i) z™*.

7% =3% cos 4><E +1isin4x I =81 cos£+isinE =8li
8 8 2 2

4 1 T .. T i
77 =—|cos——isin—|=——
81 2 2 81

26. Use de Moivre’s formula to show that
(i) cos 46 =cos* O —6cos® Osin® @ +sin* @

(ii) sin 46 =4 sin 6 cos O(cos® @ —sin” )

We have

cos 46 +isin 46 = (cos @ +isin 6)*
= cos* O+ 4i cos® Osin 0 + 6i* cos® Osin® O + 4i° cos sin’ O +i* sin* O
= [cos4 0 — 6 cos” O sin® @ + sin* 9}

+i [4 sin @ cos O(cos> 6 — sin’ 9)}

Therefore (i) cos 46 = cos* 8 — 6 cos® @ sin® 6 + sin* 0

(ii) sin 460 = 4 sin @ cos O(cos” O —sin* )

© E Steiner 2008




Solutions for Chapter 8

27. Use de Moivre’s formula to expand cos8x as a polynomial in cos X .

We have cos 8X +isin 8X = (cos X + i sin X)*
= cos® X +8icos’ Xsin X + +28i° cos® xsin? x
+56i° cos® xsin® X+ 70i* cos* xsin* x + 54i° cos® xsin> x

+28i% cos? xsin® x +8i” cos xsin’ x+i° sin® x

Then cos8X = Re[cos 8X+isin8X]
= cos® x—28cos® xsin® X+ 70cos” xsin* x—28cos® xsin® X +sin® x
= cos® x—28cos® xx(1-cos? X)+70cos* xx (1—cos* x)*
—28cos” X x (1- cos’ x)3 +(1— cos’ X)4

=128cos® x—256¢0s® X +160cos* x—32cos® x+1

Section 8.4

28. (i) Express the complex function f(X) =3x>+(1+2i)x+2(i—1) in the form f(x)=g(x) +ih(x),

where g(X) and h(x) are real. (ii) solve g(X)=0, h(x) =0, then f(x)=0. (iii) find | f(x)|2.

(i) f(X) = (3% +X—2)+2(x+ )i = g(x) +ih(x)

(if) We have g(x) =3x> + x—2 =(3x—=2)(x+1) =0 when Xx=2/3 or x=-1
h(x)=2(x+1)=0 when x=-1

Therefore ~ f(X)=0 when x=-1

(iii) 1f o0 = 9007 +h)? =[Bx-2)x+ D] +[2(x+ 1 ]

=(X+1)2(9x* —=12x+8)
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29. (i) Express the complex function f(z)=z>—2z+3 inthe form f(z)=g(x, y)+ih(x, y) where

g(x, y) and h(x, y) are real functions of the real variables x and y. (ii) Find the (real) solutions of

the pair of equations g(X,y) =0 and h(x,y) =0, and hence of f(z) =0, (iii) Solve f(z)=0

directly in terms of z to confirm the results of (ii).

(i) f(z) =22 -22+3=(x+iy)? —2(X+iy)+3
:[xz—y2—2x+3J+i[2y(x—1)]:g(x, y)+ih(x, y)
(i) We have h(x, y)=2y(x-1)=0 when y=0 orx=1
Ify=0, g(x0)=x>-2x+3=0 when x:¥, not real
If x=1, g(l,y)=2-y>=0 when y=+2
Therefore  f(z) =0 when 7=1%i2.
(iii) f(z)=2>-2z+3=0 when z:2i;/__8zlii\/§
Section 8.5

Express (i) z, (i) z*, (i) z™' in exponential form re':

30. z=1-i:
Then (i)
31 z=+/3+i:
Then (i)
32. z=2i:
Then (i)
33. z=-3:
Then (i)
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r :ﬁ, 0=tan"'(-1) =

7=~[2(cosn/4—isinm/4) =27 (i) z*=2e"* (i) 7

1 b
r=2, O=tan”'| — |==
F)-%

7226 (i) 7t =207 (i) z‘lzée‘“‘“

(L

r=2, 0=

2
226" (i) 2 =267 (i) 2! = e
r=3 60=nxn

7=36™ (i) 2*=3e" (i) z*:%e*i“

:Leiﬂ/4

2




Solutions for Chapter 8

Express in cartesian form X+iy :

' . 3 .3
34. 3e™* =3(cosm/4 +isinm/4) = ——+i—=
/ / V22

35, e i3 :cos1t/3—isin1t/3:%—i—\/z5

36. 2e™/° = 2(cosm/6+isinm/6) =~/3 +i
37. €% =cosm/2+isinm/2=0+i=i
38. €/2 = cos3n/2+isin3m/2=0—i =i

39. &3 —cos3n+isin3m=—1+0=—1

40. Use Euler’s formulas for cos X and sin X to show that

(i) cosix=coshx, (ii) sinix=isinhx, (iii) tanix=itanhXx

By equations (8.35) and (8.36),

(i) cosix = %[ei(ix) + e_i(iX)J = %[e_x + e+x} =coshx  Equation (3.47)
(ii) sinix = L_[ei(ix) —e‘i“x)} = L_[e‘x —e*XJ = l[ex —e‘XJ =isinh X
2i 2i 2
. sinix isinhx .
(iii) tanix =——= =itanh X
cosIX cosh x

41. Express cos(a+ib) in the form x+iy.

We have cos(a+ib) = %[ei(a”b) +e7(@+ib) J :%[eia xe P+ x ebJ

Ir _ - .
:E[e b(cosa+Isma)+eb(cosa—|s1na)}

= %(eb +e® )cosa—%(eb —e® )sin a

Therefore  cos(a+ib) =cosa coshb—isinasinhb
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42. Show that Inz=1In|z|+iargz

We have z=re' where r=|z|,f0=argz

Then Inz=Inr+if@=In|z| +iargz

43. Use de Moivre’s formula to find the square roots of —i . Locate them on the complex plane.
Wehave /2 = cos3m/2 +isin3m/2 = —i
1
1=

Then Vi = (e )1/2 = 43/ v

= *(cos3n/4 +isin3n/4) = J_r(—L+ i Lj

V22
1 .
=+—(1-1i)
V2

44,

Find the number obtained from z =3+2i by

(i) anticlockwise rotation through 30°,

(if) clockwise rotation through 30° about the origin of the complex plane.

Number z =3+2i represents point (X, ¥) =(3,2) in the complex plane. Then, by equations (8.41):

(i) For rotation through angle ©/6 about the origin, (X, y) — (X, y'),

where

X' =Xcosm/6—ysinm/6 =£ —ly =¥—1

y'=xsinm/6+ ycosn/6=%x+gy=%+ﬁ

Therefore z=3+2i—> Z’:[¥—1]+i(%+\/§j

(i) For rotation through angle —m/6 about the origin, as in (i) with

sinm/6 — sin(—n/6) = —sinw/6

cos /6 — cos(—m/6) = cosm/6

Then z2=3+2i— z”=(¥+l]+i(—%+x/§j
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Section 8.6

11

Find all the roots and plot them in the complex plane:

By equation (8.44):

45.

46.

47.

\1/4 .
M:(e2nkl)/ :enkl/z’ kzO,il,Z
The four fourth roots are

e’ =1

0,
£l

k
k
k

1
2, e"=cosm+isinn=-1

P =e2M5 k=0,+1,+2

The five fifth roots are

k=+1, e —cos2n/5+isin2m/5

k=42, e = cos4n/5+isin4n/5

$1=e™/4 k=0,+1,+2, 43,4

The eight eighth roots are

k=0, e’=1

; . 1 .

k=+1, e™* =cosn/4+isinn/4=—(1%i)
faetsinali=
k=+2, ™2 —cosm/2+isinn/2 =i

k=143, e™™* = cos3n/4+isin3n/4=

k=4 " =cosm+isinm=—1
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™2 = cosn/2 +isinm/2 = +i

cos(4m/5) + isin(4w/5)

cos(27/5) + i sin(27/5)

cos(4n/5) — isin(4x/5)

N

cos(27m/5) — i sin(27/5)

(—1+14)/v2 i (1 +4)/V2
-1 1
CIED (-2 ST - 0)/vE




Solutions for Chapter 8

12

48. The wave functions for the quantum mechanical rigid rotor in a plane are

wa(0)=Ce™, n=0,+1, +2,...
2n
(i) Calculate the “normalization constant” C for which I |1//n (t9)|2 do=1.
0
2n
(i) Show that I yo (@), (0)dO =0 if m=n.
0

2n 2
() We have j o (@) do= j v, Owa(0)d0
0 0
2n ) ) 27
:c*cj e-'”ﬁxe'""dezc*cj do=2rnC*C
0 0

=1 when C*C =1/2n

. o . . 1
The conventional choice is C = 1/ v2m , and the normalized functions are y,(60) = —¢€

in@

J2n
2n 1 2n )
(ii) We have j Y (@, (0)do :—I e M0 e"q9
0 2n Jo
. 2n
2 —i(m-n)@
_ L eimrgg LIS | ()
2n ), 2n|  (m—n)i o
_ 1 [1 _ g2m(m-n)i }
2n(m—n)i

Because m and n are integers, m—n is also integer so that, when m=n, e
2n

Therefore I W (@), (0)d0=0if m=n.
0
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Section 8.7

13

Use complex numbers to integrate:

49. J‘ e % cos 2x dx
0

By Euler’s formula, equation (8.33),

cos2x = Re (e2¥)
so that e % cos 2x dx = ReJ. e *e?Xdx
Jo 0
> o0 _ o _ —a-2i)x |” .
We have e *e?dx = J. Sl M L ! = 1.+2| — = l(1 +
J . -2 | C1-2i (-2+2) S
Therefore e X cos 2x dx = ReJ. e ¥e?Xdx = 1
Jo 0 5
50. I e 2% sin® x dx
0
By Euler’s formula, equation (8.36),
sin X = i_(ei" - e’i")
2i
Then sin® x = —_(e'x —e"x) = ——_[e3IX —3e™ +3e7 —e‘”‘]
21 8i

_ _llm[eﬁx _3eix:|
4

and I e sin® x dx = —%Imj. g~ [em —3eiXde
0 0

We have jw e—2x |:83ix —3eiXde _ Jmo|: e—(2—3i)x _36—(2—i)x]dx
0 0

o=(2-30x o= (2-Dx ®
=|- —+3 -
2-3i 2-1

0

L3 2430 32+i) -68-24i
2-3i 2-i 13 5 65

o0

Therefore j

e X sin® x dx = —llmj
0 4

e—2x |:e3ix —3eix:|dX _ (_ljx ﬁ = i
0 4 65 ) 65
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