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Solutions for Chapter 6

Section 6.2

Evaluate the indefinite integrals:

1. fsin?3xax=1t (1—cos6x)dx=l x—Lsin6x |+C
2 217 6

:%[6x—sin6x]+c

2. Jsin 3X cos 3x dx :%J.sin6xdx = —écos6x+C

w

sin3xeosZXdX:l [sinx+sin5x]dX:l —COSX—lCOSSX +C
2 2 5

:—L 5cosX+cos5x |+C
10

4, sin X cos 3X dx:l [sin4x—sin2x]dX:l —lcos4x+10052x +C
2 21 4 2

=%[200s2x—cos4X]+C

o

sin?;XsinXdX=l [cos2x—cos4x]dx=l lsin2x—lsin4x +C
2 212 4

:%[25in2X—sin4X]+C

6. €0s 5X cos 2X dX:l [cos7x+c053x]dx:l lsin7x+lsin3x +C
2 217 3

=i[3sin7x+7sin3x]+c
42

Evaluate the definite integrals:

/2 1 /2 1M
7. J. cos? 3x dX:—j [cos6x+1 =— = 1n6x+x
0 2J 2|6

L  Ginsns ol =
2|6 2 4
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Solutions for Chapter 6

n/2 1 n/2 1 2
8. '[ sin 2X cos 2x dx = —j sin 4x dx = ——[cos 4X]
0 2J)o 8 0

= —%[cos 21:-0050] =0

T T T
9. j sianos2de=lI [sin3x—sinx}dx=—l lc0s3x—cosx
2Jo 213

A1 =

10. The wave functions for a particle in a box of length | are

v (X) = Igsin(@j, n=1,23...

Show that the functions satisfy the orthonormality conditions

: iy ! ifm=n
Lm0 ifmen

[ [
2 . .
We have J. W, OX = TI sm# sin m:tx dx
0 0

[
= IlJ‘ {cos(m - n)nTX—cos(m + n)nl_x} dx

0

[ I !
For m=n: v, dX:l l—cosznnx dx:l X—Lsin 2N
0 I 0 I I 2N X I
0
:l)(l =
|
! 1 X X
For m=n: J. V7RV dx:TJ {cos(m—n)T—cos(m+n)T}dx
0 0
[
:l I—sin(m—n)n—x—l—sin(m+n)n—x
I| (m-n)n I (m+nmx | 0

=0 because sin pt =0 if integer p =0
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Solutions for Chapter 6

Section 6.3

Evaluate the indefinite integrals (use the substitutions in parentheses, when given):

11. I(3x+1)5dx (U=3x+1)

We have du = d—udx =3dx, dx = ldu
dx 3

6
Therefore I(3x +1)° dx :gj.us du :u—+C

18
6

:(3x+1) LC

18
12. I 2x—1)"2 dx
Let u=2x-1, du=2dx
12 LI 12 1 2 3
Then 2x-)"“dx==ju’“du==x=u’"+C
2 2 3

:%(2x—1)3’/2 +C

13. J(3x2 +2x+5°Bx+1)dx  (U=3x* +2x+5)
We have du = (6x+2)dx
Therefore J.(sz +2x+5)°(3x +1) dx :%J‘u3 du = %u“ +C
:é(3x2 +2x+5%+C
14. J‘(2x3 +3x - D @2x% + 1) dx
Let u=2x>+3x-1, du=(6x>+3)dx

Then J(2x3 +3x =13 2x% +1) dx %Iu“ du :%x%u4/3 +C

Lo sax-nPac
4
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Solutions for Chapter 6

15.

16.

17.

18.

19.

j(3x2 +2) e @ gy =% +2x)
We have du = (3x* +2) dx

Therefore j(3x2 + 2)e_(x3 20 dx = je_“ du=—e"+C

3
— e (¥ o

J‘(l— et ¢ dx
Let U=4x—2x%, du=(4-4x)dx

Then J.(l—x)e“x‘2X2 dx =%J.e“ du =%e” +C

_ le4x—2x2 +C
4

jx 4-xdx  (u=4-x%)
We have du = -2xdx

Therefore jx 4-x? dx:—%J‘ul/2 du :—%x%uy2 +C

- —%(4—x2)3/2 +C

J.cos X @251 X dx
Let u=2sinX, du=2cosxdx
2sin X 1 u 1 u
Then cos X e dx=—]e du=—e" +C
2 2
ZLEZSinX_i_C
Iex(1+ex)1/2dx (u=1+e")

We have du =e*dx

Therefore J.ex(l +e) 2 dx = Iul/zdu :§u3/2 +C

=§(1+ex)3/2+c
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Solutions for Chapter 6

20. I x cos(3x> —1) dx
Let u=3x>-1, du=6xdx

Then J.Xcos(3X2 —1)dx =%Jcosu du :ésinu +C
1. 2
=—sin(3x" -1)+C
6
21. JAZZX—HdX U=x*+x+2)
X"+ X+2
We have du=(2x+1)dx

2X +1

2

Therefore j—
X"+ X+2

dx:jldu:lnu+c
u

=In(x* +x+2)+C

2_
22. J.33X—2de
2X7 =X +3

Let u=2x>—x>+3, du=(6x> —2x)dx
2_
Then j”—x dx:ljldu ~Liu+c
2%} = x> +3 2Ju 2

=%ln(2x3 - x> +3)+C

23, j €S X dx (u=1-sinx)
1 —sin X

We have du = —cos xdx

CcoS X

Therefore j dx = —J.ldu =—Ilnu+C
u

1 —sin X

=—In(1-sin x)+C

24, J.tanXdX:jsz dx
CcoS X

Let U =cosX, du=—sinxdx
1
Then jtanxdx:—j—du:—lnu+c
u
=—In(cosx)+C
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Solutions for Chapter 6

25.] X dx
4 —x?

Let u=4-x* du=-2xdx

X dx= —lJ.Ldu = —lxzul/2 +C
X u 2

Then J. ,_4_ 3
=—J4-x>+C

26.] tanx
In(cos X)

Let u=In(cosx), du=-— S X dx = —tan x dx
cos
Then jﬂdx=—fldu=—1nu+c
In(cos X) u
=-In [1n(cos X)] +C

27. J‘sin3x cos X dX (U =sin X)
We have du = cos x dx

Therefore jsin3x cos X dx = Iu3 du= %u‘* +C

=%Sin4X+C
28. Iln(cosx) sin x dx
Let U=cosX, du=—sinXxdx
Then J.ln(cosx) sinxdx:—Jlnudu:—[ulnu—uJ+C

=cos X[ 1-In(cos x) ]+C

2 J‘ dx 1 (ljm (Integral 4 in Table 6.3)
4+x> 2 2
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Solutions for Chapter 6

2
30, j XX (x=sing)

NS

We have dx =cos0dO, V1-x> =cosd

2
Therefore j X“dx :J‘sinzﬁdﬁzéj[l—cos%’]dﬁ

NS

~Lo-Lsin2e +C=l[9—sin9cos9]+c
2| 2 2

:%[sin‘lx—xdl—xz}+c

31. J.—dx (u=+x)

We have du = de, dx =2udu

24x
2
Therefore ﬂ dx=2 u du
1+X 1+u?

1+u® 1 1
=2 - du=2]|1- du
J‘L+u2 1+u21 J[ 1+u2}

2[u —tan”~! u]+C

:Z[x/;—tan’l \/;:|+C

32. (i) Use the substitution x =asinhu to show that I

=sinh™~ (XJ+C.
Vx? +a’

. oy dx
(ii) Use the substitution U =x++x>+a’ to show that J‘ﬁ = ln[x+\/x2 +a’ :|+C .
x> +a

(i) We have X =asinhu, dx=acoshudu

and \/x2+a2 =a\/l+sinh2u=acoshu

Therefore J'd—x = Jdu =U+C =sinh™! [f}rc
Vx* +a’ a

© E Steiner 2008




Solutions for Chapter 6

_ X+Vx> +a’

(i) Wehave  u=x++vx*+a’, du=[1+ X }dx

Vx? +a?

Therefore  du= de

x> +a?

and du=lnu+C

J7=1
x> +a’ u
=ln[x+\/x2+a2}+c

x> +a

2

dx

Evaluate the definite integrals:

33.

34.

J‘2 X dx
2
1 3x5 =2

Let u=3x*>-2, du=6xdx

We have u=1whenx=1, u=10 whenx=2

2 10
Therefore ji—m(:lj d—u:l[lnu]lo
1 3x°=2 6J), u 6 1

:llnlo
6
J‘nz sin(+/X + m) dx
0 Jx
1
Let u=\/§+n, du =——=dx
23x

We have u:nwhenX:O,u:21twhenX=1t2

" sin(\/; + 1) dX—2j2n

Therefore J —_—
0

Ix

n

= —2[005 27— cos n}

=4
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Solutions for Chapter 6

/2
35. j sin@ cos@ d@
0

Let u=sind, du=cos@dd

Wehave  u=0 when =0, u=1 when 6 =mn/2

/2 1 1
Therefore j vsin @ cos @ dé’:j u’? du :{éuyz}
0

0 0
=2/3
1

1
dx . 1( X j .
36. ———=|sin" | — (Integral 1 in Table 6.3)
J‘o 2-%? { \/5

0

=sin”" (%j —sin ' (0)=n/4—-0=mn/4

37. J‘ xe ™ dx

Let u=x, du=2xdx

Then J‘ xe’X2 dx:lj e du:l[—e*”] :l
0 2J, 2 0o 2

10

38. Line shapes in magnetic resonance spectroscopy are often described by the Lorentz function

0(w) = ! T > - Find J.Oog(a))da).

1 1+T*(0-a,) o

We have J g(a))da):LJ‘ ;da)

@ T Jo, 1+T2(a)—a)0)2

Let u=T(w-a,), du=Tdw. Then u=0 when w = @,

* 1 (7 d 1 T
and J g(w)dow=— u2 =—[tan lu]
@, T Jo 1+U T 0
Now lim tan~'u :E, tan'0=0
Uu—»o0 2

00

Therefore j g(w)dw = %

@y
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Solutions for Chapter 6 11

39. An approximate expression for the rotational partition function of a linear rotor is
o0
g = j (23 + 1) UD%/T gy
0

where G, = n? / 21k is the rotational temperature, | is the moment of inertia, and k is Boltzmann’s

constant. Evaluate the integral.

Let u=JJ+1), du=(2J +1)dJ
Then qr :I (23 +1)e Y UD%/T gy =I e u%/Tqy ={—Le‘”9R/T}
0 0 Or 0
_T
7N
Section 6.4

Evaluate the integrals:

40. J‘x sin X dx
dv . . . . .
Let u=x, o =sinX in equation (6.14) for integration by parts.
X

Then J‘XsinXdX=—Xcosx+J‘cosx dx

=-XcosX+sinx+C

41. Ix3 sin x dx

We integrate by parts three times:

dv . .
u=x>, d—:smx — | %3 sin xdx = —=x> cos x + 3| x* cos xdx
X
2 dv 3 2 . .
u=Xx", —=cosx — =—X"cos X+ 3<{ X" sin Xx—2 | Xsin xdx
dx
dv . 3
u=x, d—:smx, - = x> cosX+3¢x>sinx—2| =xcos X+ | cos xdx
X
=-X cosx+3{x251nx 2 XcosX+sinX}}+C

=3(x* =2)sin X — (x> =6)cos X+ C
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Solutions for Chapter 6

42. .[(X +1) cos 2x dx

By parts twice:
2 do 2
u=(x+1-, d—:cos2X—> (X +1)7 cos 2x dx
X
:%(x+1)2sin2x—J.(x+1)sin2xdx
u=(x+1), Mzsin2x - =1(X+l)zsin2x— —l(x+l)0052x+l cos 2x dx
dx 2 2 2

=%(X + l)2 sin2X+%(X+1)cosZX—%sin2X+C

43. Ixzezx dx

. dv dv
By parts twice: U= x>, — =e”*, then u =x, — =e**.
dx dx

Ixzezx dx = %xze2X —J‘xe2X dx

:lxzezx_ lxezx—l 02X dx
2 2 2

e J L Ll e
2 2 212

=i[2x2—2x+1Je2X+C

1

o R KOS I ) R CRI R

0

*® !
45, j x2e X dx = 22—3 =% (by formula)
0

46. J‘xln X dx

. d
By parts with U =InX, d_v: X
X

Then xInxdx =L x?Inx— | xdx =L lnx—L 32 +C
2 2 2 4

X2
:T[Zlnx—1]+C
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Solutions for Chapter 6 13

47, J.ln—zxdx
X

By parts with U =1n X

Then ln—XdX:—llnX+ idX:—llnX—l+C
X2 X X2 X X
:—l(lnx+1)+C
X
1 1 1
1 3 1 3 3
48. I 2 In X dx =| > In x —lj ax=| Cinx| -1 X
o 3 3), 3 3| 3
0 0 0
1
9

49. J‘e‘x sin 2x dx

Twice by parts with u=e™*
We have Ie_x sin2xdx = —e~* sin 2x + ZI e * cos2xdx
=—e"%sin 2x+2 {—ex cOs 2X — 2jex sin 2x dx}

=¥ [sin 2X +2cos 2X] - 4j e " sin 2xdx
The integral occurs on both sides of the equal sign.

Then Ie_x sin2xdx = —%e_x [sin 2X + 2 cos 2X] +C

50. J‘eax cos bx dx

Twice by parts with u =e®
ax 1 ax b ax _:
e cosbxdx =—e*" cos bx+— | e sinbxdx
a a

=leax cos bX+9{leaX sian—EJ‘eax cos bXdX}
a ala a

1 ax b ax _: b2 ax
=—e% cos bx+—e% sinbx—— | e* cosbxdx
a a’ a’

Therefore Jeax coshxdx = z—bz[a cos bx + bsin bx} e +C
a’+
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Solutions for Chapter 6 14

/2
51. J‘ e 2 cos 3x dx

By Exercise 50 with a=-2, b=3

/2

/2
J. e cos 3x dx = [%[—2 cos 3X + 3sin 3X] e_zx}
2°+3

0 0

e+

=i[2—3eﬂ
13

Section 6.5

52. Determine a reduction formula for J.sinn X dx, where n is a positive integer.

Write I, :jsin"xdx = v[sin”_IXsinxdx
Then, by parts

I, = jsin"_lx sin x dx

= —sin""'X cos X+ (n—1) | sin"2x cos? xdx
L4

= —sin"'X cos X+ (n—1) | sin"2x (1 —sin® x) dx

o

o son-l . n=2 .n

=-sin’_ XcosX+(n—1)| sin de—(n—l)jsm x dx

=—sin" "X cosx+(n—=DI, , (=D,
Therefore, solving for 1,

| R n-1
I, =——sin" "~ XcosX+| —|l,_,
n n
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Solutions for Chapter 6 15

53. Show that, for integers m>0 and n>1,

s M+l n-1 _
Jsinm Gcos" 0 do =2 0 cos 0+ n-1 jsinmﬁcosn_zﬁdﬁ
m+n m+n
Write | = Isinm Gcos" 6do :J‘[sinm O cos 0] cos" 9 do

Then by parts, with

du

u=cos" g, — = —(n —l)cosnf2 Osind
do
s M+l
and dv =sin" Ocosb, v= sin 76
do m+1

we have | j[sinm & cos 9} cos"tode

sin™? @cos" 20 do

sinm+16?cos”_lc9+ n-1\(
m+1 J

sin™ @cos" 2 0 de—[”—_lj |

m+1

m+1 n-1 _
_sin" fcos 9+(n 1) sin™ (1 - cos® ) cos"* 0 d6
m+1 m+1/]
m+1 n-1 _ * -
_sin " fcos ‘9+(” 1) sinmﬁcosnzﬁda—[n—lj sin™ Ocos" 6 dO
m+1 m+1)] m-+1

Therefore, solving for I,

s M+l n-1 _
| =S O cos 94{ n-1 jjsinm Ocos"20do
m+n m+n

54. Use the results of Exercises 52 and 53 to evaluate J.sins X cos* x dx.

By Exercise 53,

. 6 3
. sinXxcos’X 1 [ .
jsmsx cos*xdx = —9 +§J'sm5X cos>x dx

sin®x cos®x 1 [sin®xcosx 1 [ . 5
= +— +— | sin’xdx
9 3 7 7

sin®x cos®’x  sin®x cosx 1 .5
= + +— ] sin°x dx
9 21 21

© E Steiner 2008




Solutions for Chapter 6

By Exercise 52,
.5 1 .4 41 . 4
sin XdX=—§sm Xcosx+g sin”x dx
1 .4 41 1 ., 20 .
=——sin" Xcos X+—14 ——sin” Xcos X +— | sin xdx
5 50 3 3

1
=——sin? xeosx—isin2 xoosx—icosX+C
5 15 15

sin®x cos’x N sin®X cosx
9 21

Therefore J.sins X cos*x dx =

1 1.4 4 ., 8
+—4q——=sin" Xcos X——sin” Xcos Xx——cos X +C
5 15 15

B sin®x cos’x N sin®X cosx
9 21

| 4 .5 8
———sin” Xcos X ———sin” Xcos X———cos X+ C
105 315 315

16

55. Show that, for integers m>0and n> 1,

/2 n—1 n/2
I sin™ @cos" 0dO = j sin™ @ cos"? 6 dO

By Exercise 53,

/2 - m+l 1,72 g T2
j sin™ Hcosnﬁdé?:{sm 0 cos 9} + 1I sin™ @ cos" > 6 do

0 m+n m+nJ,
At =72, sin™' @ cos"" @ =cos"" n/2 =0 if integer n > 1

At =0, sin™"@cos"!@=sin™"0=0 if integer m>0

Therefore, when integers m>0 and n> 1,

n/2 n—i n/2
j sin™ @cos" 0 d = I sin™ @ cos"? 9 dO

Evaluate

/2
56. J‘ sin’X cos® x dx
0

By Exercise 55,

/2 /2 /2
J. sin’x cos® x dx :ij sin® X cos® xdx = 4x2 I sin® X cos X dx
0 10), 108 ),

6 /2
_ 4x2sin” X o o4x2 1
10x8 6 10x8x6 60
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Solutions for Chapter 6

57. I re dr
0

Put u=2r% du=4rdr

Then jre‘zrz dr:lj eVdu=L (I, of Example 6.16)
0 4 0 4

* 2 -2r? _ .
58. ree" dr=I, in Example 16.6.

50. I r3e2" dr =1, in Example 6.16.
0

1 1
Then l,=—1, =—
Pty

17

60. The probability that a molecule of mass m in a gas at temperature T has speed v is given by the

Maxwell-Boltzmann distribution

3/2
2
J p2e ™ J2kT

f) =4z [anT

where k is Boltzmann’s constant. Find the average speed v = J. vf(v)dv.
0

X m 3/2
Write f(v)= Av’e ™", where A=d4n| —— | , B=m/2kT
27kT
— " " 3,-Bo? A : :
Then v=| ovf(w)dv=A] v’e " dv= E (Exercise 59 with B = 2)
0 0

m 3/2
=4 2(m/2kT)?
E(anT) /(/ )
(skr)”
a Tm
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Solutions for Chapter 6

61. For the Maxwell-Boltzmann distribution in Exercise 60, find the root mean square speed \/? s

where v_zzj. 2 f(v)dv.
0

As in Exercise 60, let

m 3/2
—J , B=m/2kT
T

f(v)= Av’e™®" | where A=4n
2nk

Then v = I v f(v)do = A'[ v'e B dy
0 0

Now, in Example 6.16 with a=B,

'I U4e_svzdv:i,2:iXL.0:i\/E
0 2B 2B 2B 8B2\B

Therefore v_zz-[ 1)2f(v)dv:3_A2 Ezﬂ
0 8B~ VB m

and \/Uizzﬂ
m

62. Line shapes in spectroscopy are sometimes analysed in terms of second moments. The second

moment of a signal centred at angular frequency ay is I (-, )>9(®) dw where g(w) is a
@

shape function for the signal. Evaluate the integral for the gaussian curve

9(®) :\/ZT exp {—sz(a} - a)o)z}
T 2

We have I:J (a)—a)o)zg(a))da):\/zTJ‘ esz(”)f“’O)z/z(a)—a)o)zda)
(2} T @y
Let A=2/aT, B=T?/2, x=0-a,
Then I:Aj e 8 x2dx
0

Now, by Example 6.16 with a=B,

* 1 1
|2=I e B dy=— ) =— |~

0 2B 4B VB
Therefore I:AJ. e‘Bszzdx:A r_1
0 4B\B T2
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Solutions for Chapter 6

Section 6.6

Evaluate the indefinite integrals:

dx 1 2 1 1
63. I(Zx-l)(x +3) _7_[{2)(_1 - X+3}dx —7[ln(2x—1)—ln(x+3)]+c

1., 2x-1
=—In
7 X+3

+C

CE N | S B P i
64. j(x+3)(x+4) X_J.|:X+4 X+3}dx [2In(x+4)~In(x+3)]+C

2
=IDM+
X+3

6 (x* =3x+3) dx—lj 7.2 21|
") (x+ D(x+2)(x +3) 2 x+1 x+2 x+3

—%[7ln(x+l)—261n(x+2)+211n(x+3)J+C

C

7 21
:lln(x+l) (x+3) .
2 (x+2)%

66. jf;zdhlffx—”dx
X" +4x+5 2J x°+4x+5

:%ln(x2 +4x+5)+C

67 j#dx_lﬂiﬁ_ﬂdx
S C 4303 +4) 2J1 43 X2 +4

- %[m(xz +3)=In(x +4)}+c

x> +3
x> +4

68, J‘ dx :J‘ dx
X2 +4x+5 J (x+2)? +1

=tan"'(x+2)+C

:lln +C
2
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Solutions for Chapter 6

69. J’%
(X" +4x+5)

We have

I(xz +4x+5)° :I((x+2)2+1)2

By (6.26), with n=2, a=1, u=tand = x+2,

I > o 2:I zdx Z:Icoszedé’
(X" +4x+5) u +1

:%(sin00056’+6’)+C

Then as in Example 6.20, 6 = tan"'u, sin@ =u/\u? +1, cos@=1/\u? +1,

dx 1| u -1
and > S ==|——+tan U
(X* +4x+5)° 2[u”+1
_1 2)(;2+tan’l(x+2) +C
2| X* +4x+5

0 [
X +4X+5

weme [ [ M2 g Lo
X +4X+5 X +4Xx+5 X°+4X+5

Therefore, by Exercises 66 and 68,

J‘% dx:lln(x2 +4x+5)—2tan"'(x+2)+C
X“ +4x+5 2

7. j%dx
(X" +4x+5)

We have j%dx=2j 22X+4 de—SI > ! >
(X" +4x+5) (X" +4x+5) (X" +4x+5)

=2A-5B

In A, let U=x>+4x+5, du=(2x+4)dx

Then JA 2x+4 I—du- = _
(¢ +4x+5)° x> +4x+5

From Exercise 69,

:I dx :l[ X+2 +tan” (X+2)

O +4x+5)?% 2| x> +4x+5

© E Steiner 2008
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Solutions for Chapter 6 21

Therefore JA 24X+3 2dX=— 3 2 3 2X+2 +tan” (X+2)
(X" +4x+5) X +4x+5 2| X" +4x+5
__ ! 214;5)(+5tan’1(x+2) +C
2| X" +4x+5
0 2 .
72. Ift:tanE,show that d9:1—2dt (Equation (6.33))
+t
dt 1 2 1 2
We have —=—sec” §/2=———— — d@=2cos" §/2 dt
dg 2 2cos” 6/2
.2 2 )
Now t=tand/2 — 1+t2:1+sm20/2 = &8 ‘9/22”“‘ o2 _ 21
cos” 6/2 cos” 6/2 cos” 6/2

1

Therefore  cos” 6/2 = 5
1+t

and do = 2

- 1+t2 a

Evaluate by means of the substitution t = tan 6/2 :

1 w2 dt
73. do = X dt=2
cos @ 1-t? M 1-t2

= 1n1L:+ C (Integral 5 in Table 6.3)

_in 1+tan6/2 .C
1—tan@/2

74',[ do :_[ 1 2
5-3cos @ 5-3(1-t2)/(1+t?) |1+t

= I ! Sdt= ltan_l 2t)+C (Integral 4 in Table 6.3)
1+4t 2

= %tan*l (2tan8/2)+C

1 1 2
75 | ————do= dt
J‘1+sin0+cosl9 J[H(2t)/(1+t2)+(1—t2)/(1+t2)}1+t2
1
:j—dtzln(l+t)+C
1+t

=In(l+tan8/2)+C
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Solutions for Chapter 6

Section 6.7.

o0

76. By differentiation of the integral J‘ e dx = % \/E with respect to a,
a

0

P ey, 1:3:5--(2n=1) [n
show that J; X“e dX—W g

We have g—e_axz =(-x* )e_élxz

a
:2 - _( X )2 —ax
a’
d" 2 2 2
d . e—ax :(—X )ne—ax ( l)n n —ax
a
and d—a_l/2 = (—lj a2
da 2

ia_l/z - [_lj[_éj a_5/2

da’ 2)0 2

ia_l/z — [_lj[_ij[_éj a_7/2
da’ 2)0 2\ 2

ia“/2 = (_l)(_ij(_ij (_ 2n ‘lj a2
da" 2)0 2)0 2 2

nl-3:5---(2n-1) a Cmn2 _ 1'3'5"'(2n—1)a—1/2

=D 2" 2"a"
n 0 o0 n o0
Then d I e‘axzdx:j d—e"a‘x2 dx = (-1)" x2Ne7a
an 0 0 an 0
dn 1 1-3-5---(2n-1)
( ) 2n+1 n a
* on 1-3-5---(2n-1) |n
0 a a
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