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Tables for Group Theory
By P. W. ATKINS, M. S. CHILD, and C. S. G. PHILLIPS

This provides the essential tables (character tables, direct products, descent in symmetry and
subgroups) required for those using group theory, together with general formulae, examples,
and other relevant information.

Character Tables:

1 The Groups C,, C;, C; 3
2 The Groups C,(n=2, 3, ..., 8) 4
3 The Groups D, (n=2, 3, 4,5, 6) 6
4 The Groups C.y (n=2, 3,4, 5, 6) 7
5 The Groups C, (n=2, 3,4, 5, 6) 8
6 The Groups Dy, (n=2, 3, 4,5, 6) 10
7 The Groups Dyg (n =2, 3, 4,5, 6) 12
8 The Groups S, (n =4, 6, 8) 14
9 The Cubic Groups: 15

T, T, Th

O, Oy
10  The Groups I, I, 17
11 The Groups C.y and D, 18
12 The Full Rotation Group (SU, and R3) 19
Direct Products:
1 General Rules 20
2 C,, Cs, Ce, D3, Dg, Cyy, Csy, Coy, Cony Can, Cen, D3n, Dgn, D3g, Se 20
3 D,, Dy, 20
4 Cy Dy, Cay, Cap, Dap, D2g, Sa 20
5 Cs, Ds, Csy, Csh, Dsp, Dsg 21
6 Dug, Se 21
7 T,0,Tp, O, Ty 21
8 Deg 22
9 I, Iy 22
10 C., Dun 22
11  The Full Rotation Group (SU, and R3) 23
The extended rotation groups (double groups):

character tables and direct product table 24
Descent in symmetry and subgroups 26
Notes and Illustrations:
General formulae 29
Worked examples 31
Examples of bases for some representations 35
Ilustrative examples of point groups:

| Shapes 37
Il Molecules 39
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Character Tables
Notes:

(1) Schonflies symbols are given for all point groups. Hermann—Maugin symbols are given for
the 32 crystaliographic point groups.

(2) In the groups containing the operation Cs the following relations are useful:
nt =3 (1+5%)=161803.-- = —2c0s144°
7~ =1(1-57)=-061803--- = —2¢0s 72°
't =14n" T =l+n" n'n”=-1
nt+n =1 200572° +2c05144° = -1
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1. The Groups C4, Cs, C;

C, E

(1)

A 1

C5=Ch E Oh

(m)

A/ 1 1 X, ¥, R, X2, Y2, 7, xy

A" 1 -1 Z, Ry, Ry yzZ, X2

Ci = Sz E i

(1)

A, 1 1 Ry Ry, R, X,y 2,
XY, Xz, yz

Au 1 _1 X1 y! Z
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2. The Groups C, (n =2, 3,...,8)

C, E C,
(2
A 1 1 Z R, X2, ¥, 22, xy
B 1 -1 X, ¥, R, Ry yz, XZ
Cs E Cs C 32 & =exp (2mi/3)
3)
A 1 1 1 7R, X+ y?, 72
l & g* 2 2
E 1 . % ¥)(Rx Ry) (X" =y, 2xy)(yz, x2)
& £
C, E C G ¢
4)
A 1 1 1 1 zR, X+ VA 2P
B 1 - 1 - X2 —y2, 2xy
1 i =1 —i
E 1 —i -1 i &YR«RY (yz, x2)
Cs E G cz2 ¢ ¢ & = exp(2mi/5)
A 1 1 1 1 1 7R, X+ 72
c 1 & & &% & -
* * Xl X3 Zy XZ
1 1 & 2 2 . (xY)(Rx Ry) (Vz, x2)
. 1 & & ¢ 2 o 2)
* * X =V, £X
2 1 2 c & 82 y y
Cs E Ce Cs C, (:32 C65 &= exp(2n1/6)
(6)
A 1 1 1 1 1 1 7R, X+ y? 7
B 1 -1 1 1 -1
1 ¢ ¢ -1 —¢ £ (x
'Y)
E . . Xy, yz
1 {1 & e A - 5] Rery W
1 - - 1 - - .
E, N . (X“—y*, 2xy)
1 ¢ - 1 - -
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2. The Groups C, (n =2, 3,...,8) (cont..)

C, E C, cz c¢ ct c c¢ e=exp (2ni/7)
A 1 1 1 1 1 1 1 zR, X+ Y, 72
{1 e & &£ g g7 5*} y)
* * * X7 y
= 1 & 2 g & g2 & (Ry, Ry) (xz, yz)
1 &2 &2 & & & £
= 1 2 & gR gt (-2, 2xy)
1 & & & &% & &3
E3 1 *3 *2 82 8* 83
Cs E C C C C C C (] ¢ = exp (2ni/8)
A 1 1 1 1 1 1 1 1 Z,R, X+y4 7
B 1 -1 1 1 1 -1 -1 -1
1 i -1 - ¢ —¢ & X, y)
E . ) ) . ' Xz, Yz
! {1 - -1 0 - - & } (Rw Ry) b, y2)
c 1 i -1 1 -1 4 =i 2 2 s
. ) ] ] X“— Y%, 2X
? 1 -1 -1 1 -1 I =l I 6y 20)
1 —¢ i -1 - & e =
Es . . .
1 —-—¢ -1 -1 i .
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3. The Groups D,(n=2, 3, 4,5, 6)

D, E Ca(2) Ca(y) Ca(x)

(222)

A 1 1 1 1 X2y, 72
B, 1 1 -1 -1 Z, R, Xy

B, 1 -1 1 -1 Yy, Ry XZ

B, 1 -1 -1 1 X, Ry yz

Ds E 2C; 3G,

(32)

A, 1 1 1 X+ Y, 22

A, 1 1 -1 zZ, R,

E 2 -1 0 YRR (=Y 2xy) (x2, y2)
D, E 2C;  C,(=C?) 2C, 2C,

(422)

A, 1 1 1 1 1 X+ YA, 7
A, 1 1 1 -1 -1 7R,

B, 1 -1 1 1 -1 X —y?
B, 1 -1 1 -1 1 Xy

E 2 0 -2 0 0 (XY)R,Ry (xz, yz)
Ds E 2Cs 2C2 5C,

A 1 1 1 1 X+ y?, 7
A, 1 1 1 -1 Z, R,

E. 2 2cos72°  2cosl4d” 0 * Y)(RuR)  (xz,y2)

E, 2 2cos 144" 2cos 72 0 (* =y, 2xy)
Ds E 2, 2C; C, 3C, 3C)

(622)

A 1 1 1 1 1 1 X+ y? 7
A, 1 1 1 1 1 -1 7R,

B, 1 1 1 -1

B, 1 1 -1 1

E; 2 1 -1 -2 0 0 YRLR) (xz,y2)

E, 2 R | 2 0 0 (X*— Y2, 2xy)
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4. The Groups C,y(n=2, 3, 4,5, 6)

Coy E C, c,(xz2) o, (yz)

(2mm)

A, 1 1 1 1 z X2y, 72
A, 1 1 -1 -1 R, Xy

B, 1 -1 1 -1 X, Ry XZ

B, 1 -1 -1 1 Y, Ry yz

Cs, E 2C; 3o,

(3m)

A 1 1 1 z X+ Y, 22

A, 1 1 -1 R,

E 2 -1 0 % YRuR) -y 2xy)(xz, y2)

Cs E 2C, C, 20, 204

(4mm)

A, 1 1 1 1 1z X+ Y2, 7
A, 1 1 1 -1 -1 R,

B, 1 -1 1 1 -1 X —y?
B, 1 -1 1 -1 1 Xy

E 2 0 -2 0 0 (X, Y)(R« R) (xz, yz)
Cs, E 2Cs 2C2 50,

A, 1 1 1 1z X+ V2, 72
A, 1 1 1 -1 R,

E; 2 2cos72° 2 cos 144° 0 X Y)Rw Ry (xz,yz)

E, 2 2cosl44°  2cos72° 0 (x* =y, 2xy)
Co E 2C; 2C; C, 30, 3oy

(6mm)

A, 1 1 1 1 1 1z X2+ V2, 22
A, 1 1 1 1 -1 -1 R

B, R | R | g |

B, R | 1 -1 -1 1

E; 2 1 -1 -2 0 0 X Y)(Rx, Ry) (xz, yz)

E, 2 -1 A 2 0 0 (x* —y?, 2xy)
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5. The Groups Cn(n=2, 3, 4,5, 6)

C2h E C2 | Oh
(2/m)
A, 1 1 1 1 R, X2, ¥, 7%, xy
By 1 -1 1 -1 Ry, Ry Xz, yz
A, 1 1 -1 -1 z
B, 1 -1 -1 1 X,y
Csn E G C2 on S S? &= exp (2mi/3)
(6)
A’ 1 1 1 1 1 1 R, X+ Y, 22
e 1 & & 1 ¢ ) 2y, 2%9)

* * X1 X - ) X

1 & & 1l & Y yhe

A" 1 1 1 -1 -1 z

e & -1 —& =&
E" { . . } (Rv Ry) (xz, yz)

e ¢ -1 - -
Cun E C GC cC: I S? on Sy
(4/m)
A, 1 1 1 11 1 1 1 R, X +y, 7
B, 1 -1 1 -1 1 -1 1 - (x* =y, 2xy)
. 1 i -1 - 1 i -1 —i -

R . . Xs XZ, yZ
‘ 1 —i -1 i 1 —i -1 i RoR)— (2.y2)
A, 1 1 1 1 -1 1 -1 z
B, 1 1 1 -1 -1 1 1 1
. 1 i -1 —i -1 —i 1 i
: 14 o1 i1 i1 i &Y
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5. The Groups C,n(n =2, 3,4, 5, 6) (cont...)

Csn E G (2 C53 Cs on S5 S/ 853 S? e = exp(2ri/5)
A1 1 1 1 1 1 1 1 1 1 R, X+y?, 7
N 2 2 g 1 ¢ 2 2g
1 * *2 2 1 * *2 & e x,y)
£ 1 82 * & 2 1 & 2 : 2 2 2 9
* * « . Z X" =V, 2X
2 1 2 e 2 1 £7 ¢ . 2 ( y y)
A1 1 1 1 1 -1 -1 -1 -1 -1
1 ¢ 2 2 -l —e =gt =g
E" * *: X1 )
1 {1 & ) 2 -1 - 7 gt g } (R Ry) (xz, yz)
) 1 & & 21l g e s €7
E2 * * * *
1 g2 g -1 % e g =&
Cen E Cs Cs C, C2 C5 | 85 SS Ch Se S3 &= exp(2n|/6)
3 6 3 6
(6/m)
A, 1 1 1 1 1 1 1 1 1 1 1 1 Xo+y?, 72
By 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
1 ¢ & -1 - & 1 & - -1 - g RR) (xzy2)
Eiq 1 & - -1 - ¢ 1 & - -1 - ¢
1 & - 1 - - 1 - - -
Exq 1 & - 1 & - 1 - = - - (XZ - YZ, 2xy)
Ay 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
B, 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1
1 & ¢ -1 - & -1 — & -
Ew 1 & - -1 - & -1 £ S x,y)
1 ¢ - 1 & - -1 & ¢ -1 & ¢
Ea 1 —¢ - 1 —¢ - -1 ¢ S | &
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6. The Groups Dy (n=2, 3, 4,5, 6)

Dan E Coz)  Coly) Colx) i oxy)  o(x2) o(y2)

(mmm)

A, 1 1 1 1 1 1 1 1 X, Y, 7
Big 1 1 -1 -1 1 1 -1 -1 R, Xy
Bag 1 -1 1 -1 1 -1 1 -1 R x
Bag 1 -1 -1 1 1 -1 -1 1 R vz

A, 1 1 1 1 -1 -1 -1

Buy 1 1 -1 -1 -1 1 1z

Bay 1 -1 1 -1 1 -1 1y

Bay 1 -1 -1 1 1 1 1 -1 X

Dan E 2C; 3G on 25 3o,

(6)m2

A 1 1 1 1 X+ vy 7

A 1 -1 1 -1 R,

E' 2 -1 0 2 -1 0 (x,Y) (x* =y, 2xy)
Al 1 1 1 -1 4

A 1 -1 1 -1 1

= 2 -1 0 -2 1 0 (Rw Ry) (Xz, yz)

Dan E 2C, C, 2C, 2C; i 2S;, on 20, 20y

(4/mmm)

Ay 1 1 1 1 1 1 1 1 1 1 X +y%, 7
Ay 1 1 1 -1 -1 1 1 1 -1 -1 R

Big 1 1 1 1 -1 1 -1 1 1 4 X -y’
Bag 1 1 1 4 1 1 1 1 1 1 Xy

Eq 2 0 -2 0 0 2 0 2 0 0 (ReR) (xz,¥2)
Ay 1 1 1 1 1 1 1 -1 -1 -

Ay 1 1 1 -1 -1 -1 -1 -1 1 1,

Buy 1 -1 1 1 -1 1 1 -1 -1 1

Bay 1 -1 1 4 1 -1 1 -1 1 -

E, 2 0 -2 0 0 2 0 2 0 0 (xy)
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6. The Groups D, (N=2, 3, 4, 5, 6) (cont...)

Dsp, E 2Cs 2C? 5C; o 255 283 Soy

Al 1 1 1 1 1 1 1 1 X +y2, 7
A, 1 1 1 -1 1 1 1 -1 R,

E; 2 2cos72° 2 cos 144° 0 2 2cos72° 2 cos 144° 0 xy)

E, 2 2c0s144° 2cos72° 0 2 2cos 144° 2 cos 72° 0 (x* — y?, 2xy)
A/ 1 1 1 1 -1 -1 -1 -1

Al 1 1 1 -1 -1 -1 -1 1 .

E/ 2 2c0s72° 2cos144° 0 -2 -2c0s72° -2cosl144° 0  (RyR)) (xy, y2)
(=4 2 2co0sl44°  2cosT2° 0 -2 -2cos 144° -2 €0s 72° 0

D5h E 2C5 2C3 Cz 3C£ 3Cé’ | 253 256 Ch 3Gd 3GV

(6/mmm)

A 1 1 1 1 1 1 1 1 1 1 1 1 X +y: 7
Ay 1 1 1 1 -1 1 1 1 1 1 -1 -1 R,

Big 1 -1 I | 1 -1 1 1 1 -1 1 -

Bag 1 -1 I | -1 1 1 1 1 -1 4 1

= 2 1 -1 =2 0 0 2 1 -1 =2 0 0 (R«—Ry) (xz, yz)

= 2 -1 -1 2 0 0 2 -1 4 2 0 0 (2 -y, 2xy)
Ay 1 1 1 1 1 1 1 -1 -1 -1 -1 -

Ay 1 1 1 1 1 -1 -1 -1 -1 - 1 1 2

B 1 -1 1 4 1 -1 -1 1 -1 1 -1 1

B, 1 -1 1 4 -1 1 1 -1 1 1 1

Ew 2 1 1 =2 0o 0 =2 - 1 2 0 0 (xY)

Eau 2 -1 2 0 0 =2 1 1 -2 0 0
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7. The Groups Dy (N =2, 3,4, 5, 6)

ng = Vd E 284 Cz 2C£ ZGd
(ZZm)
A, 1 1 1 1 1 X* + 2, 22
A; 1 1 1 -1 -1 R,
B, 1 -1 1 1 -1 X* —y?
B, 1 -1 1 -1 1 Z Xy
E 2 0 -2 0 0 (x,y) (xz, y2)
(R Ry)
Dag E 2C; 3C, i 2S¢ 3oy
(3)m
Ay 1 1 1 1 1 1 X +y2 7
Ay 1 1 4 1 1 -1 R,
Eq 2 -1 0 2 -1 0 (RuRy O —y?, 2xy)
(xz, yz)
Au 1 1 1 -1 4 -1
A 1 1 1 -1 1 z
E. 2 -1 0 -2 1 0 (xvY)
Dy E 2Sg 2C, 288 G 4C; 4oy
A 1 1 1 1 1 11 X +y? 7
A, 1 1 1 1 1 -1 -1 R,
B, 1 -1 1 -1 1 1
B, 1 -1 1 -1 1 -1 1z
E; 2 J2 0 /2 -2 0 0 x,y)
E, 2 0 -2 0 2 0 0 O —y?, 2xy)
E; 2 2 0 J2 -2 0 0 (R Ry) (xz, yz)

OXFORD Higher Education
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7. The Groups Dg (N =2, 3, 4, 5, 6) (cont..)

Dsg E 2Cs 2C? 5C, i 283, 2810 564

Ay 1 1 1 1 1 1 1 1 i 7
Agg 1 1 1 -1 1 1 1 -1 R,

Eig 2 2c0s72°  2cos144° 0 2 2cos72° 2 cos 144° 0 ReRy)  (xy,y2)
Exy 2 2cos144° 2cos72° 0 2 2cosl44°  2cos72° 0 (0 -y, 2xy)
Ay 1 1 1 1 -1 -1 -1 -1

Ay 1 1 1 -1 -1 -1 -1 1 z

Ew 2 2c0s72°  2cos 144° 0 -2 —2cos72° —2 cos 144° 0 (xy)

Eay 2 2cosl44° 2cos72° 0 -2 —2cosl44° -2cos72° 0

D E 25, 2C 28 2C; 285 C. 6C, 6o

A 1 1 1 1 1 1 1 1 1 X2+ 7

A 1 1 1 1 1 1 1 -1 -1 R

B, 1 -1 1 -1 1 -1 1 1 -1

B, 1 -1 1 -1 1 -1 1 -1 1,

E; 2 J3 1 0 -1 J3 -2 0 0 V)

E, 2 1 -1 2 1 2 0 0 (X% —y2, 2xy)

E; 2 0 -2 0 2 0 -2 0 0

E4 2 -1 -1 2 -1 -1 2 0 0

Es 2 \/§ 1 0 -1 \/§ -2 0 0 (Ro Ry (xy, y2)

OXFORD Higher Education
© Oxford University Press, 2008. All rights reserved.

13



Atkins, Child, & Phillips: Tables for Group Theory

8. The Groups S, (n =4, 6, 8)

84 E S4 C2 843
4
A 1 1 1 1 R, X +y?, 72
B R | 1 -1 z (x* —y?, 2xy)
Lo A R e
E . . X Y) (R, R Xz, yz
1 i -1 | ’
Sg E Cs C 32 i S g Se g=exp (2mni/3)
(3)
A, 1 1 1 1 1 1 R, X +y 7
1 £ g 1 £ £ ,
Eq . . (Rw Ry) (X“—y%, 2xy) (xy, yz)
1 & & 1 & &
A 1 1 1 -1 -1 -1 z
c 1 £ g 1 - —& *9)
u * * X1
1 e & 1 —& —& Y
Sg E Sg C, S; C, S;’ C:’ 887 E=exp (2TE|/8)
A 1 1 1 1 1 1 1 1 R, X%+ 2, 22
B 1 -1 1 -1 1 -1 1 -1 z
1 ¢ i - e —" —i &
* . * . X,
Es 1 & —I - -1 - i & x.y)
1 I -1 —I 1 i -1 —I
E, 1 - -1 i 1 - i (X~ y", 2xy)
1 —c — & -1 e i -
Es 1 —& i g -1 & —i —g (Ru Ry)  (xy,y2)

OXFORD Higher Education
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9. The Cubic Groups

T E 4C3 4C32 3C2 e=exp (27“/3)
(23)
A 1 1 1 1 X+ v+ 72

(V3 (X —y)22 - X -y?)

T 3 0o -1 %Y, 2) (xy, Xz, yz)
(RX1 Ry1 RZ)

Td E 8C3 3C2 684 66(}
(43m)
A, 1 1 1 1 1 X+ vy + 72
A, 1 1 1 -1 -1
E 2 -1 2 0 0 (277 -x—y*, 3B (¥ -Y9)
T, 3 0 -1 1 -1 (Rw Ry, R)
T, 3 0 -1 -1 1 (%y,2) (xy, xz, y2)
Th E 4C3 4032 3C2 i 486 482 3(5d E=€EXp (21'C|/3)
(m3)
A, 1 1 1 1 1 1 1 X +y+ 7
E Lo« d g 1 (27* - Xzz —yi

’ 1 & & ! 1 3 (X -Y)
Ty 3 0 0 -1 3 0 0 -1 (Rw Ry, R)  (xy, yz, x2)
A, 1 1 1 1 -1 -1 -1 -1
e 1 Py & 1 -1 - & -1

! 1 g € -1 s - -1
T, 3 0 0o -1 -3 0 0 1 (xV2)
o] E 8C; 3C, 6C, 6C,
(432)
A, 1 1 1 1 1 X +yi+ 72
A, 1 1 1 -1 -1
E 2 -1 2 0 0 (22 - X2 -y,

V3 (¢ -yY)
T, 3 0 -1 1 -1 (X, ¥,2)
(RX1 Ryy RZ)

T, 3 0 -1 -1 1 (xy, Xz, yz)

© Oxford University Press, 2008. All rights reserved.
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9. The Cubic Groups (cont...)

On E 8 6C, 6C, 3C, i 6S; 85 30, 60y

(m3m) (=C)

Ay 1 1 1 1 1 1 1 1 1 1 X +y +7

Ay 1 1 4 1 R | 1 1 1

E, 2 1 0 0 2 2 0 - 2 0 (22° — X",
V3 (¢ YY)

Tig 3 0 -1 1 -1 3 1 0 -1 -1 (RwR,R)

Ty 3 0 1 -1 -1 3 -1 0 -1 1 (xy, Xz, yz)

Ay 1 1 1 1 1 1 -1 1 1

Ay 1 1 1 4 1 1 1 4 1

E. 2 0 0 2 2 0 1 2 0

Tw 3 0o -1 1 1 3 4 0o 1 1 xy2)

To 3 0 1 -1 -3 1 o 1 -1

OXFORD Higher Education
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10. The Groups I, I,

I E 12Cs 12C? 20C; 15C,

1 1
*=2|1+52

A 1 1 1 1 1 X+y2+722
T 3 n n 0 -1 xVy.2)
(Ry, Ry, Ry)

T, 3 n n’ 0 -1

G 4 -1 -1 1 0

H 5 0 0 -1 1 (222 - X*—y?,

V3 -y
XY, ¥z, zX)
lh E 12Cs 12c2 20Cs 15C, i 125y 1253 20Ss 15, .1 [11521
2
A, 1 1 1 1 1 1 1 1 1 1 X+ Y+ 7
T3 1 n 0 -1 3 q n' 0 -1  (RuR,R)
T3 n' o -1 3 q n 0 -1
Gy, 4 -1 -1 1 0o 4 4 -1 1 0
Hy 5 0 0 -1 1 5 0 0 -1 1 (27— x*—V?,
V3 (¢ -y%)
(xy, yz, zX)

Al 1 1 1 -1 -1 1 -1 -4
Tw 3 n’ n 0 -1 -3 n n’ 0 1 (x,Y,2)
Tw3d nt o -1 3 q n 0 1
G, 4 -1 -1 1 0 4 1 1 -1 o0
Hy 5 0 0 -1 1 -5 0 0 1 -1

OXFORD Higher Education
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11. The Groups Cyy and Dy

Cov E 2c? 0G,
A=Y 1 1 1 z X+ vy, 7°
A= 1 1 -1 R,
E=I1 2 2cos ¢ 0 (xy) (RuRy) (xz, y2)
E=A 2 2c0s2¢ ... 0 (x* =y, 2xy)
Es=0 2 2cos 3¢ 0
Do E 2c! . 00y i 28! eeo 0C,
s 1 1 11 1 1 X +y? 7
%, 1 1 -1 1 1 -1 R,
[ 2 2c0s ¢ ... 0 2 -2 C0S ¢ 0 (RuRy) (xz,y2)
Aq 2 2C0S2¢ ... 0o 2 2c0s2¢ ... 0 (x* —y?, 2xy)
5! 1 1 1 -1 -1z
5 1 1 1 1 -1 1
I, 2 2co0s ¢ ... 0o -2 2C0oSs ¢ 0 (xy)
Ay 2 2C082¢ ... 0o -2 —2C0S 2¢ 0

OXFORD Higher Education
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12. The Full Rotation Group (SU, and R3)

( 1)
sin| j+=|¢
0 () = —12 ¢#0
2j+1 6=0

Notation : Representation labelled T with j = 0,1/2, 1, 3/2,...c0, for Rs j is confined to integral
values (and written | or L) and the labels S=T©, P =I'Y, D =I'®, etc. are used.

OXFORD Higher Education
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Direct Products
1. General rules

(a) For point groups in the lists below that have representations A, B, E, T without subscripts, read
A=A, = A etc.

(b)
g u 4 "
g g u 4 4 "
u V4 4

(c) Square brackets [ ] are used to indicate the representation spanned by the antisymmetrized
product of a degenerate representation with itself.

Examples
ForDs E' x E" Al +A) +E
For D6h Elg X E2g = ZBg + Elg-

2. For C,, C3, Cg, D3, Ds,Ca\,Cay, Cov,Caon, Can, Con, D3n, Den, D3, Se

A A; B: B, E; =
A A A; B: B, E; =
A, Ar B, B, E; E,
B: A A; Ex =
B, A Ex =
= At [A)+ E; B:+B,+E;
E, A+ [Ar] + E;
3. For D, , D,
A B, B, B,
A A B: B, Bs
B, A B; B,
B, A B,
B; A

OXFORD Higher Education
© Oxford University Press, 2008. All rights reserved. 20



Atkins, Child, & Phillips: Tables for Group Theory

4. For C4, D4, C4V, C4h, D4h, D2d, 84

A A, B, B, E
A; Aq A, B, B, E
A, Ay B, B: E
B, Aq A, E
B, A E
E At [Ay] +B1+ B,
5. For C5, D5, C5V, CSh; D5h1 D5d
A A; E; E,
A A A, E; E,
A; A E; E,
Ex A+ [A] +E E:+E;
= A+ [A] +E;
6. For Dyq, Ss
Ay Ay B, B> Ei E, Es
Ay Ay Ay B, B> Ei E, Es
A, A B, B, E; E, E;
B, A A, E; E, E;
B, A Es = E;
= At [A] +E; E.+E B.+B;+E;
E, A+ [A] + Ei+ E3
B, + B,
Es At [A] +E,
7. For T, O, Th, Oh, Td
A A; E T, T,
Aq A A; E T, T
A, Aq E T, T,
E A +[A]+E T+ T T,+T,
T: A +E+[T]+T, A+E+T,+T,
T, A +E+ [T+

T2
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8. For Dgq
A A B, B; E; E, Es E, Es
AA A A B, B; E: E, Es E, Es
A; Ay B, B E: E, Es E, Es
B Al A Es E, Es E, E:
B, Ay Es E, Es E, E:
Es At [A]+  Ei+Es E:+E, Es+BEs Bi+By+
E, E,
= At [Al] Ei+Es Bi+B,+ Es+Es
+E,4 E,
Es Act[A]+  Ei+Es Ex+E,
B, + B,
Es At[A]  EitEs
+E,4
Es At [A]
+E,
9. For |, I,
A L T2 G H
A A T T, G H
T, A+[T]+ G+H T,+G+H T,+T,+G+H
H
T, A+[T]J+H T,+G+H T,+T,+G+H
G A+[T+T,] T1+T,+G+2H
+G+H
H A+ [T +T,+ G] +
G+2H
10. For Cqyy, Dgp
Tt 3 I A
Tt Tt Dy I A
> M IT A
I1 T+ 2] N+o
+A
A S+[Z]+T
Notation
z 11 A 0] r
A=0 1 2 3 4

A x A= | A=Ay |+ (A1 + Ay)
AxA=S 4[]+ (2A).
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11. The Full Rotation Group (SU, and Ry3)

9«70 =6+ 4 p6+-0 4 @D
M« 1® =@ 4+ @-24 41704 [1"(2]*1) + .+ 1'*(1)]

OXFORD Higher Education

© Oxford University Press, 2008. All rights reserved. 23



Atkins, Child, & Phillips: Tables for Group Theory

Extended rotation groups (double groups):

Character tables and direct product tables

D, E R 2C,(2) 2C,(y) 2Cy(x)
Ei -2 0 0 0
D; E R 2C; 2C;R 3C, 3C,R
Eip 2 -2 1 -1 0 0
Ean 1 -1 -1 1 i —i
1 -1 -1 —i i

Ds E R 2C, 2GR 2C, AC! 4AC!
Eun -2 2 -2 0 0 0
Ear -2 -2 2 0 0 0
D; E R 2C, 2GR 2C; 2CR  2C, 6C.  6C!
Eve 2 2 NG 1 1 0 0 0
E3/2 2 -2 —J3 \E -1 1 0 0 0
Esp 2 -2 0 0 -2 0 0 0
Td* E 803 803R 6C2 684 684R 120—d
o) E 8C; 8C;R 6C, 6C, 6S4R 12C2'
=) 2 -2 1 -1 0 \/5 -2 0
Es 2 -2 1 -1 0 2 2 0
Gar 4 —4 -1 1 0 0 0 0
Eip x Eyp =[A] +B; +B; + B

E1/7_ E3/2
= [AJ+A+E  2E
Ean [A] + AL+ 2A;

E1/2 E3/2
Eip» [AJ+A,+E B;+B,+E
= [A]+A+E
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Eip Ean Es/
= [A] +A; + E; B, + Byt E; E.+E
Ean [A] +A; + Ey Ei+E;

E5/2

[A] + A +B; + B,

Eun Esi Ear
Ei [Ad] + T, A+ T, E+T,+T,
Es [Ad] + T E+T,+T,

G3/2

[Ar+ E+T]+ A+ 2T, + T5]

Direct products of ordinary and extended representations for T, and O*

A A, E T, T,
= Eap Esp Gz Eip + Gap Esp + Gap
Esp2 Esp Eip Gz Esp + Gap Eip + Gap
Gsp Gap Gap Euo + Espt Gap By + Esppt 2Gs, Eyp + Egpt 2G3p
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Descent in symmetry and subgroups

The following tables show the correlation between the irreducible representations of a group
and those of some of its subgroups. In a number of cases more than one correlation exists
between groups. In C, the o of the heading indicates which of the planes in the parent group
becomes the sole plane of Cs; in C,, it becomes must be set by a convention); where there are
various possibilities for the correlation of C, axes and o planes in D4, and Dg, with their
subgroups, the column is headed by the symmetry operation of the parent group that is
preserved in the descent.

Cav Cz Cs Cs
o(zx) olyz)
A A A A’
A, A A" A
B, B A’ A’
B, B A" A
C3v C3 Cs
Ay A A’
A, A A"
E E A+A
C4v C2v C2v
Oy O4
A A A
A, A A,
B A A,
B, A, A
E B, +B, B, +B,

[Other subgroups: C,4, C,, Cs]

C,, Cs Cs
Dsn Can Cay Oh—> 0y Oh oy
A A A A A’ A
A, A A, B, A’ A"
E' E' E A+ By 2N A+A"
A/ A" A; A, A" A"
A; A" A B, A" A’
E" E" E A + B, 2A" A +A

[Other subgroups: D3, Cs, C;]
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Dsm D, D, D, D, D, D, Cam Cu Cyu Co
C, (—»C}) C! (»C)) G (o34 o (ol Crov  Cyoq
Ay A A Ay Ay A A Ay, Al A A
Agg A, A, Big Big B, B, A, A A A,
Byg B, B, Ay Big A B, By B, A A,
Bog B, B; Big Ay B, A By B, A A
Eq E E Bygt+ B3y Byt Bsy Byt Bs B,+B; Eq E B,+B, B;+B,
Ay B, B, Ay Ay A A Ac A A A,
An B B2 B B B1 B1 Av A A A
Buw As A, Ay B A B1 B, B A A
Ba A A B Ay B1 A B, B A A,
E, E E Bou+ Bay Byt Bsw B+ Bs B.+B; E, E Bi+B, Bi+B;
Other subgroups:Dy, C4, Sa, 3Can, 3Cs,3C,,Ci, (2C,y)
Ds D, Cé’ D3 dCé D2n Cov Ca Cy Coy Con Con Con
o — o(xy) o C) c! C. ¢ c!
Oy — G(yZ)
Ay Ay Agq Ay A A A A Ay Ay Ay
Az Ay Ay Big A, A, B, B, Ay By By
Big Ay Agq Bag B, A, A, B, By Ay By
By Ay Ay Bag B, A B, A, By By Ay
Eiy Eg Eq Bog + Bag E; E A+B, A+B, 2B; Aj+By Ay + By
Exy Eg Eq Aq+ By E, E Ai+B; A+B; 2A; Ayt By Ay + By
Alu Alu Alg Au AZ A2 A2 A2 Au Au Au
A2u A2u AZg Blu Al Al BZ BZ Au Bu Bu
Blu A2u Alu BZu Bl Al Bl Bl Bu Au Bu
BZu Alu A2u BSu BZ A2 Al Al Bu Bu Au
Elu Eu Eu BZu + BSu El E Al + Bl Al + Bl ZBu Au + Bu Au + Bu
E,, E, E, A, + By E, E A,+B, A+B, 2A, A, +tB, A,+ By

Other subgroups: Dg, 2D3pn, Cen, Cs, Can, 2D3, Sg, D2, Cs, 3C,, 3Cy, C;

Td T D2d C3v CZv

Al A A1 A1 Al

A, A B A, A,

E E A +B; E AL tA;

T, T A +E A +E A, +B;+B;
T, T B,+E A +E A +B,+B;

Other subgroups: S4, Dy, Cs, Cy, Cs.
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On o) Ty Th Dan Dag

Arg A A A A Ay

Asg A, A, A Big Asg

Eq E E Eq Ay + Byg Eq

T T, T, Ty Ay + Ey Ay + Ey
Tog T, T, Ty Bag + Eg Ay + By
Alu Al A2 Au Alu Alu

A2u A2 Al Au Blu Blu

E, E E E. Ay, + By Eu

T T, T, Ty Ay + Ey Ay + Ey
T2u T2 Tl Tu BZu + Eu Alu + Eu

Other SUbgroupS T! D4, D2d! C4h! C4V! 2D2h! D31 C3V’ 861 C4’ S41 3C:2V1 2D2’ 2C2h1 C31 2C21 SZ! CS

Rs @) D, D

S Ay A Ay

P T, A+ E A, +E

D E+T, A +B;+B,+E A, +2E

F A+ T 4T, A+ By +B, + 2E A +2A; + 2E
G A+E+T+T, 2A + A, 4B, + B, + 2E 2A+ A + 3E
H E+2T,+ T, A +2A;,+B; +B,+ 3E A +2A; +4E
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Notes and lllustrations
General Formulae
(a) Notation

h the order (the number of elements) of the group.
r® labels the irreducible representation.
XO(R)  the character of the operation R in "

DSB(R) the uv element of the representative matrix of the operation R in the irreducible
representation I'"

i the dimension of I'”(the number of rows or columns in the matrices D®)

(b) Formulae

(i) Number of irreducible representations of a group = number of classes.
" 2
(i) ;Ii =h
- 2R =2 DL(R)
i

(iv) Orthogonality of representations:
> DL (R)'DE) (R) = (h/1)) 56,9,

il ¥ v

(5=1ifi=jand &=0ifi =]

(v) Orthogonality of characters:
> 2" (R) #P(R)=hg;
R

(vi) Decomposition of a direct product, reduction of a representation: If

r=>ar®

and the character of the operation R in the reducible representation is x(R), then the coefficients a;
are given by

3 =1/ 7 (R) x(R).

OXFORD Higher Education
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(vii) Projection operators:
The projection operator

PO=(/h3 x"(R’R

when applied to a function f, generates a sum of functions that constitute a component of a
basis for the representation I'”; in order to generate the complete basis P ¥ must be applied
to |; distinct functions f. The resulting functions may be made mutually orthogonal. When ;
= 1 the function generated is a basis for I'") without ambiguity:

pOf_

(viii) Selection rules: _
If 0 is a member of the basis set for the irreducible representation F('), 9 a member of that

for F(k), and Qo an operator that is a basis for FG), then the integral
Idff OO § ()

is zero unless T'” occurs in the decomposition of the direct product T'9 x T®

(ix) The symmetrized direct product is written T %I and its characters are given by
2RO (R) =3 7R +3 70 (R?)
The antisymmetrized direct product is written T XTI and its characters are given by
ZORO(R) =120 (R)* +5 20 (R?)
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Worked examples

1. To show that the representation I" based on the hydrogen 1s-orbitals in NH; (Cs,) contains A;
and E, and to generate appropriate symmetry adapted combinations.

A table in which symmetry elements in the same class are distinguished will be employed:

Cav E C; C, o o o3
Ay 1 1 1 1 1 1
A; 1 1 1 -1 -1 -1
E 2 -1 -1 0 0 0
D(R) 1 00 0 01 010 1 00 0 01 010
010 1 00 0 01 0 01 010 1 00
0 01 010 1 00 010 1 00 01
X(R) 3 0 0 1 1 1
Rh; hy h, hs hy h; h,
Rh, h, hs hy hs h, hy

The representative matrices are derived from the effect of the operation R on the basis (hy, h,,
hs); see the figure below. For example

0 01

Cq (h,hy,hy) = (h,,he,h) = (h,h,, )11 0 0
010

According to the general formula (b)(iii) the character y(R) is the sum of the diagonal elements
of D(R). For example, ¥(o) =0+ 1 + 0 = 1. The decomposition of T" follows from the formula
(b)(vi):
I'=a;A; + aA; + agE
where
+{Ix3+2x1x0+3x1x1} =1
{Ix3+2x1x0+3x1x(-1)}=0

a1:
2=
8z = 1{2x3+2x(-1)x0+3x0x1} =1
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Therefore

I'=A1+E
Symmetry adapted combinations are generated by the projection operator in (b)(vii). Using the
last two rows of the table,

P(A) = 2 = F@x<h +1xh, +1xh, +1xh
+1=<h, +1x<h,)=%3(h, +h, +hy)

(P(E) = o®h, —2(2xh, —1xh, —1xh, +0xh,
+0x<h; +0x<h,))=1C2h —h, —hy)

¢'(E):<§0(E)h2 =2(2x<h, —1xh; —1x<h +0xh,
+0x<h, +0x<xh)=%(—h +2h, —hy)

#E) and ¢'(E) provide a valid basis for the E representation, but the orthogonal combinations

$(E)=(1/6)2 (20, —h, —h)) = (3/2) 4(E)
4 (E)=(1/2)2(h, —h)) = (1/2)? {§(E)+ 24 (E))

would be a more useful basis in most applications.

2. To determine the symmetries of the states arising from the electronic configurations e” and e't,*
for a tetrahedral complex (T4), and to determine the group theoretical selection rules for electric
dipole transitions between them.

The spatial symmetries of the required states are given by the direct products in Table 7.
EXE:A1+[A2]+E ExT,=T{+T,

Combination of the electron spins yields both singlet and triplet states, but for the e’
configuration some possibilities are excluded. Since the total (spin and orbital) state must be
antisymmetric under electron interchange, the antisymmetrized spatial combination [A,] must be
a triplet, and the symmetrized combinations A; and E are singlets. For the e't,' configuration
there are no exclusions. The required terms are therefore

e’ - 'A +°A, +'E

eltzl —> 1T1 + 1T2 +3T1 + 3T2

The selection rules are obtained from formula (b)(viii). For electric dipole transitions the operator
QY has the symmetry of a vector (x, y, z), which from the character table for T, transforms as T».
From the table of direct products, Table 7,

A1XT2=T2 A2><T1=T2 EXT2:EXT1=T1+T2
Assuming the spin selection rule AS =0, the allowed transitions are

e2 1A1 <~ eltzl 1T2 62 3A2 <> eltgl 3T1 e2 lE <~ eltgl lTl,ng
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3. To determine the symmetries of the vibrations of a tetrahedral molecule AB,, and to predict the
appearance of its infrared and Raman spectra.

The molecule is depicted in the figure below and the character table for the point group Ty is
given on page 15.

B

The representations spanned by the vibrational coordinates are based on the 5 x 3 cartesian
displacements less the representations T, and T, which are accounted for by the rotations (R, R,
R,) and the translations (x, y, z). The stretching vibrations are the subset based on the 4 bonds of
the molecule. For a particular symmetry operation, only atoms (or bonds) that remain invariant
can contribute to the character of the cartesian displacement representation, I' @ (or the
stretching representation, "),

Cs:  Two atoms invariant, x, y, z, interchanged ~ #®"(C3) = 0
One bond invariant 25N(Cy) =1

C,(z): Central atom invariant; x, y, sign reversed, z invariant ~ x®"(C3) =0
No bonds invariant 2 (C,) =0

S4(z): Central atom invariant; x, y, interchanged, z sign reversed x®"(S,) =—1
No bonds invariant 2, =0

c4(2): Three atoms invariant; x, y, interchanged, z invariant x(cy) =3
Two bonds invariant AN (5q) = 2

The characters of the representations T® and " are therefore

E 8C; 3C, 6S, 60y
@ 15 0 -1 -1 3 =A+E+T,+3T,
F(stretch) 4 1 0 0 2 =A+T,

" @ and TC" have been decomposed with the help of formula (b)(vi) (compare Example 1).
Allowing for the rotations and translations contained in T® there are therefore four fundamental
vibrations, conventionally labelled v, (A1), vo(E), vs(T>), and v4(T>). v1 and v, are stretching and
bending vibrations respectively, v; and v, involve both stretching and bending motions.
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The selection rule (b)(viii) gives the spectroscopic properties of the vibrations. Infrared activity
is induced by the dipole moment (a vector with symmetry T,, according to the character table for

Tgy) as the operator O the case of the Raman effect, O s the component of the
polarizability tensor (A; + E + T,). f is the ground vibrational state (A;), and ¥ is the excited
state (with the same symmetry as the vibration in the case of the fundamental; as the direct
product of the appropriate representations in the case of an overtone or a combination band).
vi(As)and v,(E) are therefore Raman active and v5(T,) and v,4(T,) are infrared and Raman active.
The following overtone and combination bands are allowed in the infrared spectrum:

Vit Vs, Vi + Vg, Vot Vi, Vot vy, 2V3, Vit Vg, 2V
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Examples of bases for some representations

The customary bases—polar vector (e.g. translation x), axial vector (e.g. rotation R,), and tensor
(e.g. xy)—are given in the character tables.

It may be of some assistance to consider other types of bases and a few examples are given here.

Base Irreducible Representation
1
A, in Ty
+
2 x(1)y(2) -x(2)y(1) Azin Cyy
The normal vibration of an octahedral molecule
represented by
A|g in Oy
The three equivalent normal vibrations of an
4 octahedral molecule, one of which is represented by
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5  The #-orbital of the benzene molecule represented by

A, in Dgy
6  The #-orbital of the benzene molecule represented by
Bag in Den
The n-orbital of the naphthalene molecule
7 represented by
A, in Dy,
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Ilustrative Examples of Point Groups

I Shapes
A= 2 3 4 5 6 o0
— | N
7 / - \D‘
C | | g
\ o | — \ . ~
Y P ) ~
D, I\ A
Cone
Co
(pyramid)
\ — | N ~N |
| o Foo
Cnh ol
| / - = T \
Dnh
(plane or bipyramid)
A
» ‘ ~ N\
Dnd - v v ‘ } A } ‘\ 1’
[l v v La
\ . al'

s, ™ "wv 4 >

The character tables for (a), C,, are on page 4; for (b), D,, on page 6; for (c), C.,, on page 7; for
(d), Cn, On page 8; for (e), Dy, on page 10; for (), D,g, on page 12; and for (g), S, on page 14.
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Cs Ci
©
© O

Td Oh

tetrahedron cube
On Iy

octahedron dodecahedron
Ih RS

icosahedron sphere

The character table for Cs is on page 3, for C; on page 3, for T, on page 15, for Oy, on page 16, for
I, on page 17, and for R; on page 19.
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Il Molecules

Point  Example

group
C; CHFCIBr

Cs BFCIBr (planar), quinoline
Ci meso-tartaric acid

C2 H202, SgClg (SkeW)

Cy H,0, HCHO, CzH5C1
Csy NH; (pyramidal), POC1;
C4V SF5C| , XEOF4

Con trans-dichloroethylene
C
3h H\O\ /H
/B—O
|
H (in planar configuration)

D trans-PtX,Y,, C,H,

Dzn BF; (planar), PC1;5 (trigonal bipyramid), 1:3: 5-trichlorobenzene
Dan AuCl, (square plane)

Dsh, ruthenocene (pentagonal prism), IF; (pentagonal bipyramid)

Den benzene

Dyq CH,=C=CH,

Dy Sg (puckered ring)

Dsy ferrocene (pentagonal antiprism)
Sy tetraphenylmethane

Ty CCl,

On SFe, FeFs>

In BioHi"

Cov HCN, COS
Do CO;,, CoH;
R any atom (sphere)

Page number
for character
table

3

00O 0O NN P WwWw

10
10
10
11
11
12
12
13
14
15
16
17
18
18
19
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